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AbesieBa, KaTeropis

AbeneBa KaTeropist € aJIUTHBHOIO KATETOPIEI0, KA 33, J0BOTHHAE
aKciomam:

AB1) V¥ 6yap-sikoro mopdizmy f : A — B icuye snpo

kerf : Kerf — A it kosaapo cokerf : B — Cokerf.

AB2) g 6yab-skoro mopdismy f: A — B ranonigHmii
mopdism coker ker f = coim(f) — im(f) = ker cokerf €
isoMopdizmom.



Corollaire 1.2.5. La somme directe de deuz triangles distingués est un tri-
angle distingué.

Soient :
X-Yy35S2Z=X1,

’Ul 3

r [ 1w ]
X5y 222 x)
deux triangles distingués et soit de plus :
' uu' ; m n '
XX —VYaY —L— (X6 X')1]

un triangle distingué contenant le morphisme u@® »’ (TRI). Les diagrammes :

(i) ()

Xox — 8% yay




sont commutatifs et, par suite, s’insérent en vertu de (TRIII) dans des dia-
grammes commutatifs :

D¢ L Y L z W X[1]

(%) ) ()

Yav' L L— (xexHy |,

x! U v v 7 w' X1

(iex.) | (iav-) d (iexa)

Xox' —48¥ ygy' M _.p_® ,(xex')

On en déduit que le diagramme ci-aprés est commutatif :

" ! ! !
Xopx' 40U ygyr 28V gz WOV L xaxn)

id id (5, id

xgx 0

YoV m L 1 (X @ X"1]



Pour démontrer le corollaire, il suffit de montrer que le morphisme :
(fLfHh:zZez — L

est un isomorphisme. I1 suffit donc de montrer que, pour tout objet M, le
morphisme :

Homp (Ma(fa f’))

est un isomorphisme de groupes abeliens; ceci résulte immédiatement de
(1.2.1) et du lemme des cing.

Same proof works for coproduct (direct sum) over an infinite
set, if it exists in a given triangulated category 7. Subtlety:

natural bijections

T, YR =2 7([ X Y) 2 [[T(X:,Y)

iel iel iel
[T 7, YD) = 7(T(Xaf0), Y1)

i€l i€l

12

imply natural bijection a : [Tie;(Xi[1]) = (ILier Xi) [1]-
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In particular,

iml1] = (X501 " [Tl — ([IXo0)).

iel iel

Coproduct of exact triangles X SN Y; AN Z; AN Xj[1] is defined
as the upper row of the commutative diagram

nx = L ITY; —>]_[z ST = JIx9)0
jel

Jel jel jel jel
(in) = 1 (inj) = 1 () ll
1 e I l
X —=J[Y ——L . s (T[]
i€l iel iel

So it is exact.



1.6. LEMMA. Let L be a pre-triangulated category, i.e., a category satisfy-
ing all but the octahedron axiom (TR4). A triangle

(s ) (2 (v )

A®A ——SBOB —H5Co®C ——5T(A) & T(A)

is exact if and only if A—> B — C > T(A) and A’ N
B’ = C' 25 T(A') are both exact.

LEMMA 1.1. Let o be an abelian category satisfying AB3 (there exist arbitrary
direct sums). Then the category K(=f) of chain complexes over and chain homotopy

equivalence classes of maps also has direct sums, and direct sums of triangles are
triangles.

(CAYTA:B), [, d]) = [T(C(A) (AL B), [, d]), K(A) = H'C(A).

iel iel

DEFINITION 1.2. A triangulated category is said to have direct sums if it has
categorical direct sums, and direct sums of triangles are triangles.



DEFINITION 1.3. Let & be a triangulated category with arbitrary direct
sums. Then a full triangulated subcategory L= & is called localizing if

Every direct summand of an object in L is in L. (1.3.1)

Every direct sum of objects of L is in L. (1.3.2)

REMARK 1.4. We will see later that (1.3.1) is superfluous; (1.3.2) =(1.3.1). By

LEMMA 1.5. If L is a localizing subcategory of the triangulated category, then

the triangulated category &/, has direct sums. In fact, the functor ¥/,

preserves direct sums.

A. Nous avons vu que la somme directe d’'une famille quelconque de

morphismes surjectifs est surjectif (N° 1); en fait, on voit méme que le

foncteur (Al)i;[‘)@ A;, défini sur la ‘‘catégorie produit’ CI, et a valeurs
iel

dans C, est exact & droite. 1l est méme exact si I est fini, mais pas néces-

sairement si 7 est infini, car la somme directe d’'une famille infinie de mono-

morphismes n’est pas nécessairement un monomorphisme, comme nous lI'avons

remarqué au N1 (pour la situation duale). D’oti 'axiome suivant:

AB 4) Laxiome AB 3) est vérifié, et la somme directe d'une famille de mono-

morphismes est un monomorphisme.

AB4) A satisfies AB3), and the coproduct of a family of
monomorphisms is a monomorphism.
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EXAMPLE 1.6. Let L « K(s#) be the subcategory of homologically trivial
complexes of objects in the abelian category . If o7 satisfies AB4 (i.e. direct
sums of exact sequences are exact) then L is localizing.

COROLLARY 1.7 If  satisfies AB4 thenD(/)=K()/y has direct sums. []
rest of this article, .o/ will be the category of modules over a ring R, which
satisfies both 4B4 and 4B4*.

Let & be a triangulated category with direct sums. Suppose {X;,ieN} is a
sequence of objects in &, together with maps X; — X;, ;. We wish to define the
homotopy colimit of the sequence.

DEFINITION 2.1. The homotopy colimit of the sequence above is the third
edge of the triangle

®, Xi 1-shift ®; Xi

o/

hocolim (X;)

where the map (shift) above is the shift map, whose coordinates are the natural
maps X; - X;.;.



REMARK 2.2. This is nothing more than the usual “mapping telescope”
construction of topology. If & = D(%), and &/ is an abelian category satisfying
ABS (filtered direct limits of exact sequences are exact), the reader will easily
prove:

Hi (hocolim x J-)> = colim H'(X ). (22.1)
J i

If we choose actual chain maps of chain complexes X; - X; (not merely
homotopy equivalence classes of such maps), then one can prove easily:

There is a natural quasi-isomorphism hocolim (X;) — colim (X). (2.2.2)

L’axiome suivant est strictement plus fort que AB 4):
AB 5) Laxiome AB 3) est vérifié, et si (A:)ir est une famille filtrante croissante
de sous-trucs dun A € C, B un sous-truc quelconque de A, on a

(2 A;) NB =2 (AiNB).

AB5) A satisfies AB3), and filtered colimits of exact sequences
are exact.
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For
Xo—(X()&)X1LXQi>'“>

a sequence in Top, its mapping telescope is the quotient
topological space of the disjoint union of product topological
spaces

Tel(X,): ( U (X, X [n,n+ 1])) [~
neN
where the equivalence relation quotiented out is
(%n,n+ 1) ~ (fa(xn),n + 1)

for alln € N and x, € X,.

At least if all the f;, are inclusions, this is the sequential
attachment of ever “larger” cylinders, whence the name
“telescope”.



Let S be a triangulated category. Suppose Xi, i € N, is a
sequence of objects in S, together with maps f; : Xj — Xj41.
Then Vn € N there is a split exact sequence in S

n . n+1

0—-PxX Lshift P x; X =0,
i=0 i=0

1 —f, fofy ... L,
1 —f 0 fi... 4,

bt — 1 —f _ B
1—shift ‘ 2 . , P £ Lf

0 £,



Splitting is given by

n n+1 .

PxXi +— PXi X Xus1,

i=0 i=0

1 1y fofy fofy ... fh_o
1 f1 fl...fn_g
q= o =00 0o
0 fn72
1




The diagram commutes

n n+1
1—shift P
Pxi— PXi —— Xon

i=0 i=0
A
n+1 n+2
1—shift P
Pxi — PXi —— Xuso
i=0 i=0

Let & = D(A), where abelian category satisfies AB5). Filtered
colimit of rows is an exact sequence in C(.A)

o0 o0
1—shift .
0— HXi #1> HXi L> CO|Imi€NXi — 0.
i=0 i=0
Proposition 1.7.5. Let € be an abelian category and let 0 —» X Ly5Z-00be
an exact sequence in C(%). Let M(f) be the mapping cone of f and let ¢" : M(f)" =

X" @ Y" — Z" be the morphism (0,g™). Then {¢"},: M(f) = Z is a morphism of
complexes, ¢ o a( f) = g, and $ is a quasi-isomorphism.

Hence, a quasi-isomorphism

hocolim; X; = Cone(l — Shift) — colim; Xj.
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DEFINITION 1.6.4. Let T be a triangulated category satisfying [TR5(Ry)/;
that is, countable coproducts exist in T. Let

be J X 72 X 73

0 1 2

be a sequence of objects and morphisms in T. The homotopy colimit of
the sequence, denoted Hocolim X;, s by definition given, up to non—
canonical isomorphism, by the triangle

ﬁX«; 1—4&:’12}%} ﬁXi —— Hocolipm X; —— E{ﬁXi}
i=0 =0 =0

00 ‘h- o0
where the shift map HXi 5_zft> HXi is the direct sum of 71 :
i=0 i=0
X; = Xip1. In other words, the map {1 — shift} is the infinite matriz
Iy, 0 0 0
-h 1x, O 0
0 _.]-2 1X2 0
0 0 _j‘d le
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LEMMA 1.6.5. If we have two sequences

X, X, X

and
Yo Y, Y,

then, non—canonically,
Hocolim {X; ® Y} = { Hocolim Xi} &) { Hocolim Yi} )

Proof: Because the direct sum of two triangles is a triangle by Propo-
sition 1.1.20, there is a triangle

(Lo {rf 2 {f!&}f{f!ﬂ}

{ Hocolim X;} @ { Hocolim Y;}

and this triangle identifies

{ Hocolim X;} @ { Hocolim ¥;} =  Hocolim {X; ®Yi}.
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LEMMA 1.6.6. Let X be an object of T, and let
X X 4= X

be the sequence where all the maps are identities on X. Then

1 1

Hocolim X = X,
even canonically.
Proof: The point is that the map
HX S ’Lﬁ HX
i=0 i=0

is a split monomorphism.



is split. Perhaps a simpler way to say this is that the map

X@{ﬁX} (i {1—shift}) ﬁX
i=0

=0

is an isomorphism, where iq : X — J[7° X is the inclusion into the
zeroth summand. In other words, the candidate triangle

HX 1= shift HX 2y x —2s E{HX}

i=0 i=0

where pr : ]_[4;:0 X — X is the map which is 1 on every summand, is
isomorphic to the sum of the two triangles

HX—>HX—>U—>Z{HX}

i=0 = i=0
and

1

0 s X s X > 0.
Hence X is identified as Hocolim X. O




Another splitting of

n n+1
1—shift p
0-PXi — PXi — Xuy1 — 0,

i=0 i=0
is given by
n+1 ;
@X%@X & X,
i=0 i=0
0 0 0 0
-1 0 o .0
(= |7t -1 0 "0,10_(1000
-1 -1 -1 . 0

-1 -1 -1 —1

0)



Hence, splitting of

0 . 0
O%HXLMK [[x->x-o0,

i=0 i=0

is given by
oo " o0 io
[IX+— [[x+——X
i=0 i=0

The both rows in

o in; s r 0
[[x ——Xe][Xx—X
i=0 i=0

1J/ (1 i) J/’:V 3

o0 . %)
[Ix = [ X —— Hocolim(1) —
i=0 i=0

Il

are distinguished.
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LEMMA 1.6.7. If in the sequence
X, %y x, s x, 0

all the maps are zero, then Hocolim X; = 0.

Proof: The point is that then the shift map in
I 1 shift I
i=0 i=0

vanishes. But by [TRO] there is a triangle

I — [[x —0— Z{HXZ}
i=0 i=0 =0

and this identifies 0 as Hocolim X;.
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PROPOSITION 1.6.8. Suppose T is a lriangulated category satisfy-
ing [TR5(X1)]. Let X be an object of T, and suppose e : X — X s
idempotent; that is, e = e. Then e splits in 7. There are morphisms
f and g below

X 1oy 44 x
with gf = e and fg =1,
Proof: Cosider the two sequences

X — X = X =

and

1 l—e

X l1—e . X —e X .o
Let Y be the homotopy colimit of the first, and Z the homotopy colimit
of the second. We will denote this by writing ¥ = Hocolim (e) and
Z = Hocolim (1 —e).




By Lemma 1.6.5, Y & Z is the homotopy colimit of the direct sum
of the two sequences, that is of
e 0 e 0
0 1-e 0 l—e

()
0 1—e
XX — 5 XX —— 5 XpX ———— -+
But the following is a map of sequences
TS IOV L% Rt
0 l—e 0 l—e 0 l—e
XX —— XpX ——— XpX ——=
1—e l e 1—e l e 1—e l
e l—e e l—e e
XX —— XX —— XpX ——
10 10 10
00 00 00
and in fact, the vertical maps are isomorphisms. The map

(16 ”) XeX XX

—€ €

is its own inverse; its square is easily computed to be the identity.



It follows that the homotopy limits of the two sequences are the
same. Thus Y @ Z is the homotopy limit of the bottom row, and the
bottom row decomposes as the direct sum of the two sequences

X I\X 1\X 1\..-

and

0 0

x 2o x X
By Lemma 1.6.6, the homotopy colimit of the first sequence is X, while
by Lemma 1.6.7, the homotopy colimit of the second sequence is 0. The

homotopy colimit of the sum, which is Y & Z, is therefore isomorphic
to X®0=X.



More concretely, consider the maps of sequences

€

X 5 X " X o

L

X —» X —5 x —
and
X l—e X 1—e X 1—e
Hl Hl Hl
X — X —3 X —

What we have shown is that the induced maps on homotopy colimits,
that is ¢ : ¥ — X and ¢’ : Z — X can be chosen so that the sum
Y & Z — X is an isomorphism.



In the sequence

X X —5 X ==
defining Y as the homotopy colimit, we get a map f: X — VY, just the
map from a finite term to the colimit. In the sequence

X I\X 1\X 1\...

the map from the finite terms to the homotopy colimit is the identity.
We deduce a commutative square

x L,y

T

X 4 X

Similarly, from the other sequence we deduce a commutative square

x 'y 7



In other words, we conclude in total that e = ¢gf and 1 —e = ¢'f'. The

composite
( ﬁ' ) (9 9)

X —=Y®sZ —— X

is e+ (1 —e) = 1. Since we know that the map Y & Z — X is an
isomorphism, it follows that the map X — Y & Z above is its (two—
sided) inverse. The composite in the other order is also the identity.
In particular, fg =1y and f'g’ = 1,. O

REMARK 1.6.9. Dually, if T satisfies [TR5*(R;)], then idempotents
also split.
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