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Muoxkenus KonyciB
Let Ay, Ag, A, A be cochain complexes of k-modules. Suppose
further that, for i € {1,2}, we are given cochain maps
i+ Aj — Al. There are morphisms ¢1 ® id: A} ® Ay — A} ® Ay
and id @9 A1 ® Ay — A1 ® A}, Combine them to form a single
map WV = (¢1 ®id id®@12): A1 ® Ay — (A] ® A2) © (A1 ® A)).



Muoxkenus KonyciB

Let Ay, Ag, A, A be cochain complexes of k-modules. Suppose
further that, for i € {1,2}, we are given cochain maps

i+ Aj — Al. There are morphisms ¢1 ® id: A} ® Ay — A} ® Ay
and id @9 A1 ® Ay — A1 ® A}, Combine them to form a single
map WV = (¢1 ®id id®@12): A1 ® Ay — (A] ® A2) © (A1 ® A)).
Write the multiplication

Cone (11 : Ay — A}) [-1] ® Cone (¢2 : Ay — Af) [—1]
— Cone (\U AR A — (All X A2) D (A1 &® AIQ)) [—1]

as the truncation = projection of 4 terms to 3 terms

da, —t¢1-07? da, —t¢p-07!
Aj@A -1 ! Ay@AL[-1], 2 —
( 1D 1[ ]7 < 0 dA’l[—l] )>®< 2@ 2[ ] ( 0 dA’Q[—l]

—_— . _1
A1©As — (N @AsBA @AY 1], (HArea: ~(W1@11@¢2) -0
0 d(Ar@A@A0A)[-1]



Let A1, Ao, A3 be cochain complexes of k-modules, and let
1Al ® Ay — Az be a cochain map, which we should think of
as the composition. Suppose further that, for i € {1,2, 3}, we
are given cochain maps ¢; : A; — A; such that the square below
commutes

AL @Ay —E s Ag (1)

P1Q¢2 i icﬁ:’,

Al @Ay s Ag.



Let A1, Ao, A3 be cochain complexes of k-modules, and let
1Al ® Ay — Az be a cochain map, which we should think of
as the composition. Suppose further that, for i € {1,2, 3}, we
are given cochain maps ¢; : A; — A; such that the square below
commutes

AL @Ay —E s Ag (1)

P1Q¢2 i icﬁ:’,

Al @Ay s Ag.
Now for i € {1,2,3} we define
T id —¢;
A; := Cone <Ai — Ai> [—1].

Combine (Id —gbl) Qid: A1 ® Ay, — A1 ® Ay and
id®(id —¢2): A1 ® Ay — A1 ® Ay to form a single map
V= ((Id —¢1)®id id ®(Id —(bg)): AiRA, — (A1®A2)@(A1®A2)



Aq ®A2L>(A1 ® A2) ® (A1 ® Ay) (2)

|

A3

l(ww(ah ®id))

id —¢3 A
3.

commutes because it is equivalent to

A ®Ay

[(1—¢1)@1] pt-[p1®(1—¢p2)]- 1
4
Aj o Aj

which commutes since (1) does.




Konyc sk ¢gpyHKTOD
Cone is a functor Cone : dg™ — dg. The left square in

M "2, Conew P, X[1]

Conef —1— W]1]

7

determines a map of cones h = <M ([)1] g)



Konyc sk ¢gpyHKTOD

Cone is a functor Cone : dg™ — dg. The left square in

\ ing

Cone W 1 X[1]

"2, Conef —P* WI1]

7

pf1] 0
0 g/
There is also a functor Cone[—1] : dg™ — dg,

h[-1]=0-h-07! = <,u 0 ) Applied to (2) it gives

determines a map of cones h =

0 g[-1]
© : Cone (Al ® As i} (A1 & Ag) D (A1 & AQ)) [—1] —

Cone <A3 d=ds, A3) [—1].



MuoxkenHus KOHYCIB 31 3CyBOM

The composition map i : Al ® AQ — ;&3 is set to be the
composite

Cone (A1 -, ) [-1] ® Cone (Az LN 2) [—1]
truncation
Cone (Al ® A, v, (AiA)e (A1 ® A2)> [—1]

©

Cone (A3 d=ds, Ag) [—1].




MHO)KCHH?I 3BOPOTHUX HOCﬂi,ﬂ;OBHOCTCﬁ
Suppose now that A1, As and Ag are inverse sequences of
cochain complexes of k-modules. That is: for any integer n > 0
and for i € {1,2,3} we are given a cochain complex A;,, these
come with multiplication maps pn : A1 ® Agy — Az, and with
sequence maps @in: Ainty1 — Ajn, and for each n the square
below commutes

Mn+1

Al 1 ®Agnt
¢1,n®¢2,ni \L¢3,n
HMn
Al,n & AQ,n A3,Il

A3,n+1




MHO)KCHH?I 3BOPOTHUX HOCﬂi,ﬂ;OBHOCTCﬁ
Suppose now that A1, As and Ag are inverse sequences of
cochain complexes of k-modules. That is: for any integer n > 0
and for i € {1,2,3} we are given a cochain complex A;,, these
come with multiplication maps pn : A1 ® Agy — Az, and with
sequence maps @in: Ainty1 — Ajn, and for each n the square
below commutes

Mn+1

Al 1 ®Agnt
¢1,n®¢2,ni \L¢3,n
HMn
Al,n & AQ,n A3,Il

A3,n+1

For i € {1,2,3} define A= [1ns0 Ain- The multiplication map
A1 ® Ay — Aj is the composite

(H Al,n) X (H A2,n> H (Al,n X AZ,n) Hn>0 i~ H A3,n-
n>0 n>0 n>0 n>0




MHOXeHHS TOMOTOIIMHUX I'PAHUIb
If we let ¢;: Aj — A; be the composite

projection II 0 @1
II<ALn II<Ain+1 i II<ALm

n>0 n>0 n>0

then the square below commutes
A @A, s As

¢1®¢2l id)s
Al ® AQ S A3



MHOXeHHS TOMOTOIIMHUX I'PAHUIb
If we let ¢;: Aj — A; be the composite

projection II 0 @1
II<ALn II<Ain+1 i II<ALm

n>0 n>0 n>0

then the square below commutes
A @A, i> As
o |
A @A, L A3
Setting
holimA; , = A; := Cone <A1 N Kl) [—1],

the preceding discussion showed us how to construct the
composition (fi: A ® Ay — As) =
(holim g : holim A; , ® holim Ay, — holim A3 ;).



Let B be a dg-category. The dg category B’ has the same
objects as B, and the dg functor B — B’ is the identity on
objects. The Hom-complexes in the dg category B’, as well as
the dg functor B — B’, are specified by giving the cochain map
B(B1,Bs) — B'(B1,Bs) for every pair of objects By, By € B.



Let B be a dg-category. The dg category B’ has the same
objects as B, and the dg functor B — B’ is the identity on
objects. The Hom-complexes in the dg category B’, as well as
the dg functor B — B’, are specified by giving the cochain map
B(B1,Bs) — B'(B1,Bs) for every pair of objects By, By € B.
We declare this to be the natural cochain map

B(B1,B2)

holim B(Bl, BQ)

where on the right we mean the homotopy limit of the inverse
sequence

- ——> B(B1,Bs) —%> B(B1, B2) —%> B(B1, Bs)



Let B be a dg-category. The dg category B’ has the same
objects as B, and the dg functor B — B’ is the identity on
objects. The Hom-complexes in the dg category B’, as well as
the dg functor B — B’, are specified by giving the cochain map
B(B1,Bs) — B'(B1,Bs) for every pair of objects By, By € B.
We declare this to be the natural cochain map

B(B1,Bs)

holim B(Bl, BQ)

where on the right we mean the homotopy limit of the inverse
sequence

- ——> B(B1,Bs) —%> B(B1, B2) —%> B(B1, Bs)

The composition law in the category B’, giving the map

B/(B1, BQ) & BI(BQ; B3)

i U
is as above. 3\g [{R \ / \ /

B'(By,B3)



Let B be a dg-category. The dg category B’ has the same
objects as B, and the dg functor B — B’ is the identity on
objects. The Hom-complexes in the dg category B’, as well as
the dg functor B — B’, are specified by giving the cochain map
B(B1,Bs) — B'(B1,Bs) for every pair of objects By, By € B.
We declare this to be the natural cochain map

B(Bl,Bg) holim B(Bl,BQ)

where on the right we mean the homotopy limit of the inverse
sequence

- ——> B(B1,Bs) —%> B(B1, B2) —%> B(B1, Bs)

The composition law in the category B’, giving the map

B/(B1,B2) ®BI(B2,B3) B/(Bl,Bg)

is as above.
It is obvious that the dg functor B — B’ is a quasi-equivalence.



[@ Alberto Canonaco, Amnon Neeman, and Paolo Stellari,
Uniqueness of enhancements for derived and geometric
categories, 2021, arXiv:2101.04404. §4.3, §4.4 Step 1.



