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Ìíîæåííÿ êîíóñiâ
Let A1,A2,A

′
1,A

′
2 be cochain complexes of k-modules. Suppose

further that, for i ∈ {1, 2}, we are given cochain maps

ψi : Ai → A′i. There are morphisms ψ1 ⊗ id : A1 ⊗A2 → A′1 ⊗A2

and id⊗ψ2 : A1 ⊗A2 → A1 ⊗A′2. Combine them to form a single

map Ψ = (ψ1 ⊗ id id⊗ψ2) : A1 ⊗A2 → (A′1 ⊗A2)⊕ (A1 ⊗A′2).
Write the multiplication

Cone
(
ψ1 : A1 → A′1

)
[−1]⊗ Cone

(
ψ2 : A2 → A′2

)
[−1]

→ Cone
(
Ψ : A1 ⊗A2 → (A′1 ⊗A2)⊕ (A1 ⊗A′2)

)
[−1]

as the truncation = projection of 4 terms to 3 terms(
A1⊕A′1[−1],

(
dA1

−ψ1 · σ−1
0 dA′

1
[−1]

))
⊗
(
A2⊕A′2[−1],

(
dA2

−ψ2 · σ−1
0 dA′

2
[−1]

))
→

(
A1⊗A2 → (A′1⊗A2⊕A1⊗A′2)[−1],

(
dA1⊗A2

−(ψ1 ⊗ 1 1⊗ ψ2) · σ−1
0 d(A′

1
⊗A2⊕A1⊗A′

2
)[−1]

))
.



Let A1,A2,A3 be cochain complexes of k-modules, and let

µ : A1 ⊗A2 → A3 be a cochain map, which we should think of

as the composition. Suppose further that, for i ∈ {1, 2, 3}, we
are given cochain maps φi : Ai → Ai such that the square below

commutes

A1 ⊗A2
µ //

φ1⊗φ2
��

A3

φ3
��

A1 ⊗A2
µ // A3.

(1)

Now for i ∈ {1, 2, 3} we de�ne

Ãi := Cone

(
Ai

id−φi−−−→ Ai

)
[−1].

Combine (id−φ1)⊗ id : A1 ⊗A2 → A1 ⊗A2 and

id⊗(id−φ2) : A1 ⊗A2 → A1 ⊗A2 to form a single map

Ψ = ((id−φ1)⊗id id⊗(id−φ2)) : A1⊗A2 → (A1⊗A2)⊕(A1⊗A2).



A1 ⊗A2
Ψ //

µ

��

(A1 ⊗A2)⊕ (A1 ⊗A2)

(µ,µ◦(φ1⊗id))
��

A3
id−φ3 // A3.

(2)

commutes because it is equivalent to

A1 ⊗A2

A3

µ
↓

1−φ3 → A3

[(1−φ1)⊗1]·µ+[φ1⊗(1−φ2)]·µ

→

which commutes since (1) does.



Êîíóñ ÿê ôóíêòîð

Cone is a functor Cone : dg→ → dg. The left square in

X
Ψ → Y

in2→ Cone Ψ pr1 → X[1]

= = =

W

µ
↓

f → Z

g
↓

in2→ Cone f

h
↓

pr1→W[1]

µ[1]↓

determines a map of cones h =
(
µ[1] 0

0 g

)
.

There is also a functor Cone[−1] : dg→ → dg,

h[−1] = σ · h · σ−1 =
(
µ 0

0 g[−1]

)
. Applied to (2) it gives

Θ : Cone
(
A1 ⊗A2

Ψ−→ (A1 ⊗A2)⊕ (A1 ⊗A2)
)

[−1]→

Cone

(
A3

id−φ3−−−−→ A3

)
[−1].



Ìíîæåííÿ êîíóñiâ çi çñóâîì

The composition map µ̃ : Ã1 ⊗ Ã2 → Ã3 is set to be the

composite

Cone

(
A1

id−φ1−−−−→ A1

)
[−1]⊗ Cone

(
A2

id−φ2−−−−→ A2

)
[−1]

truncation
��

Cone
(
A1 ⊗A2

Ψ−→ (A1 ⊗A2)⊕ (A1 ⊗A2)
)

[−1]

Θ
��

Cone

(
A3

id−φ3−−−−→ A3

)
[−1].



Ìíîæåííÿ çâîðîòíèõ ïîñëiäîâíîñòåé
Suppose now that A1, A2 and A3 are inverse sequences of

cochain complexes of k-modules. That is: for any integer n > 0

and for i ∈ {1, 2, 3} we are given a cochain complex Ai,n, these

come with multiplication maps µn : A1,n ⊗A2,n → A3,n and with

sequence maps φi,n : Ai,n+1 → Ai,n, and for each n the square

below commutes

A1,n+1 ⊗A2,n+1
µn+1 //

φ1,n⊗φ2,n

��

A3,n+1

φ3,n

��
A1,n ⊗A2,n

µn // A3,n

For i ∈ {1, 2, 3} de�ne Âi :=
∏

n>0Ai,n. The multiplication map

µ̂ : Â1 ⊗ Â2 → Â3 is the composite(∏
n>0

A1,n

)
⊗
(∏
n>0

A2,n

)
//
∏
n>0

(A1,n ⊗A2,n)
∏

n>0
µn
//
∏
n>0

A3,n.



Ìíîæåííÿ ãîìîòîïiéíèõ ãðàíèöü
If we let φi : Âi → Âi be the composite

∏
n>0

Ai,n
projection //

∏
n>0

Ai,n+1

∏
n>0

φ1,n
//
∏
n>0

Ai,n,

then the square below commutes

Â1 ⊗ Â2
µ̂ //

φ1⊗φ2
��

Â3

φ3
��

Â1 ⊗ Â2
µ̂ // Â3

Setting

holimAi,n = Ãi := Cone

(
Âi

id−φi−−−→ Âi

)
[−1],

the preceding discussion showed us how to construct the

composition (µ̃ : Ã1 ⊗ Ã2 → Ã3) =
(holimµn : holimA1,n ⊗ holimA2,n −→ holimA3,n).



Let B be a dg-category. The dg category B′ has the same

objects as B, and the dg functor B → B′ is the identity on

objects. The Hom-complexes in the dg category B′, as well as
the dg functor B → B′, are speci�ed by giving the cochain map

B(B1,B2)→ B′(B1,B2) for every pair of objects B1,B2 ∈ B.
We declare this to be the natural cochain map

B(B1,B2) // holimB(B1,B2)

where on the right we mean the homotopy limit of the inverse

sequence

· · · // B(B1,B2) id // B(B1,B2) id // B(B1,B2)

The composition law in the category B′, giving the map

B′(B1,B2)⊗ B′(B2,B3) // B′(B1,B3)

is as above.

It is obvious that the dg functor B → B′ is a quasi-equivalence.
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