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Òðè ôîðìóëè äëÿ ãîìîòîïiéíîãî âiäòÿãóâàííÿ



Let us recall that the pullback of a diagram

C1
F1−→ D F2←− C2

in dgCat is given by a dg category C1 ×D C2 de�ned in the
obvious way. This notion of pullback does not behave well with
respect to quasi-equivalences.



Ìîäåëüíà ñòðóêòóðà íà dg êàòåãîðiÿõ âëàñíà ñïðàâà

To overcome this issue, one has to note that, by the work of
Tabuada, dgCat has a model category structure whose weak
equivalences are the quasi-equivalences.
Here we content ourselves with some remarks about the special
case of dgCat. In particular, in Tabuada's model structure all dg
categories are �brant but not all of them are co�brant.
Furthermore, such a model structure is right proper, i.e. every
pullback of a weak equivalence along a �bration is a weak
equivalence, thanks to the fact that all objects are �brant.
Finally, Hqe can be reinterpreted as the homotopy category of
dgCat with respect to such a model structure.



Ãîìîòîïiéíå âiäòÿãóâàííÿ dg êàòåãîðié

One can consider the homotopy pullback C1 ×hD C2. By de�nition
C1 ×hD C2 := C′1 ×D C′2 is the usual pullback of a diagram

C′1
F′
1−→ D

F′
2←− C′2, (1)

where at least one among F′1 and F′2 is a �bration and (for
i = 1, 2) Fi = F′i ◦ Ii with Ii : Ci → C′i a quasi-equivalence.
Notice that such a factorization of Fi always exists, and in fact
one could choose Ii to be a co�bration as well. The homotopy
pullback does not depend, up to isomorphism in Hqe, on the
choice of the diagram (1).
Let us spell out an explicit description of C1 ×hD C2. We can take
F′2 = F2 and factor only F1 as follows. De�ne C′1 to be the dg
category whose objects are triples, (C1,D, f) where C1 ∈ Ob(C1),
D ∈ Ob(D) and f : F1(C1)→ D is a strong homotopy
equivalence.



De�nition (Kontsevich's category again)

Objects D and D′ of a dg-category D are
strongly homotopy equivalent =strongly homotopy isomorphic
if there are morphisms of D

D
f

0
→ D′

α �
−1

D←g

0
D′ 	
−1
β

D
δ

−2
→ D′

such that

g ◦ f = 1D − dα,

f ◦ g = 1D′ − dβ,

f ◦ α− β ◦ f = dδ.

Morphisms f and g are called strong homotopy equivalences =
strong homotopy isomorphisms, homotopy inverse to each other.



Exercise
Strong homotopy equivalence is an equivalence relation.
In particular, the composition of strong homotopy equivalences
is a strong homotopy equivalence.

A morphism of degree n from (C1,D, f) to (C′1,D′, f ′) in C′1 is
given by a triple (a1, b, h) with a1 ∈ HomC1(C1,C

′
1)n,

b ∈ HomD(D,D′)n and h ∈ HomD(F1(C1),D′)n−1.
The di�erential is de�ned by

d(a1, b, h) := (d(a1), d(b), d(h) + (−1)n(f ′ ◦ F1(a1)− b ◦ f))

and the composition by

(a′1, b′, h′) ◦ (a1, b, h) := (a′1 ◦ a1, b′ ◦ b, b′ ◦ h + (−1)nh′ ◦ F1(a1)).

The dg functor I1 : C1 → C′1 is de�ned by
I1(C1) := (C1,F1(C1), idF1(C1)) on objects and
I1(a1) := (a1,F1(a1), 0) on morphisms. On the other hand, the
dg functor F′1 : C′1 → D is de�ned as projection on the second
component both on objects and on morphisms. It is not di�cult
to check that I1 is a quasi-equivalence and F′1 is a �bration.



Ãîìîòîïiéíà îáîðîòíiñòü íà ìîðôiçìàõ

Identity morphism of (C1,D, f) ∈ Ob C′1 is (1C1
, 1D, 0).

I1 is a homotopy invertible on morphisms:

I1 : C1(X,Y)→ C′1((X,F1X, 1F1X), (Y,F1Y, 1F1Y))
= C1(X,Y)⊕D(F1X,F1Y)⊕D(F1X,F1Y)[−1], a 7→ (a,F1a, 0)

has a homotopy inverse pr1.
In fact, pr1(I1a) = a, and I1(pr1(a, b, h)) = (a,F1a, 0),
(id−I1 ◦ pr1)(a, b, h) = (0, b− F1a, h) coincides with
(dz + zd)(a, b, h), the homotopy is

z : C1(X,Y)n ⊕D(F1X,F1Y)n ⊕D(F1X,F1Y)n−1

→ C1(X,Y)n−1 ⊕D(F1X,F1Y)n−1 ⊕D(F1X,F1Y)n−2,
(a, b, h) 7→ (0, (−1)nh, 0).



Äåÿêi ñèëüíi ãîìîòîïiéíi åêâiâàëåíòíîñòi

For any object (C,D, f : F1C→ D) of C′1 there exists a strong
homotopy equivalence f̃ : (C,F1C, 1F1C)→ (C,D, f) ∈ C′1. It is
given by f̃ = (1C, f, 0) ∈ C1(C,C)0 ⊕D(F1C,D)0 ⊕D(F1C,D)−1,
accompanied with g̃ : (C,D, f)→ (C,F1C, 1F1C) ∈ C′1,
g̃ = (1C, g,−α) ∈ C1(C,C)0 ⊕D(D,F1C)0 ⊕D(F1C,F1C)−1,
α̃ = (0, α, 0) ∈ C1(C,C)−1 ⊕D(F1C,F1C)−1 ⊕D(F1C,F1C)−2,
β̃ = (0, β, δ) ∈ C1(C,C)−1 ⊕D(D,D)−1 ⊕D(F1C,D)−2,
δ̃ = (0, δ, 0) ∈ C1(C,C)−2 ⊕D(F1C,D)−2 ⊕D(F1C,D)−3,
satisfying

g̃ ◦ f̃ = 1− dα̃,

f̃ ◦ g̃ = 1− dβ̃,

f̃ ◦ α̃− β̃ ◦ f̃ = dδ̃.



Ãîìîòîïiéíi åêâiâ-ñòi â ïåðåäòðèàíãóëüîâàíié dg-êàò.

Lemma (likely known)

Let D be a pretriangulated dg-category. Let f : M→ N ∈ Z0D.
Then f is homotopy invertible i� Cone f is contractible i� f is
strongly homotopy invertible.

Äîâåäåííÿ. Assume that f : M→ N ∈ Z0D is homotopy
invertible. The category H0D is triangulated. The square

M
f → N

=

N

f
↓

1 → N

1
↓

extends to a morphism of distinguished triangles

M
f → N → Cone f → M[1]

N

f
↓

1 → N

1
↓

→ 0

0
↓

→ N[1]

f[1]↓



by property [TR3] of triangulated category H0D.
The morphism 0 : Cone f → 0 is invertible in H0D, that is,
C = Cone f is contractible (1C = dh for some h ∈ D(C,C)−1).
C is accompanied by morphisms σ ∈ D(M,M[1])−1, dσ = 0,

σ−1 ∈ D(M[1],M)1; M[1] i−→ C
p−→ M[1], N j−→ C

s−→ N of degree 0;
such that p ◦ i = 1, s ◦ j = 1, s ◦ i = 0, p ◦ j = 0, i ◦ p + j ◦ s = 1,
dp = 0, dj = 0, di = j ◦ f ◦ σ−1, ds = −f ◦ σ−1 ◦ p.
Clearly, h can be recovered from morphisms
g = σ−1 ◦ p ◦ h ◦ j ∈ D(N,M)0,
α = −σ−1 ◦ p ◦ h ◦ i ◦ σ ∈ D(M,M)−1, β = s ◦ h ◦ j ∈ D(N,N)−1,
δ = s ◦ h ◦ i ◦ σ ∈ D(M,N)−2 as
h = i ◦ σ ◦ g ◦ s− i ◦ σ ◦ α ◦ σ−1 ◦ p + j ◦ β ◦ s + j ◦ δ ◦ σ−1 ◦ p.
The equation dh = 1C can be written as the system

dg = 0,

dα = 1M − g ◦ f,
dβ = 1N − f ◦ g,
dδ = f ◦ α− β ◦ f.



The �rst equation says that g ∈ Z0D(N,M). The second and the
third say that g is homotopy inverse to f.
The fourth equation says that we deal with representation of
Kontsevich's category, that is, M and N are strongly homotopy
equivalent.

F′1 : (a, b, h) 7→ b is surjective on morphisms.

Lemma
Let D be a pretriangulated dg-category. Then F′1 : C′1 → D is a
�bration in Tabuada's model structure.

Äîâåäåííÿ.

An isomorphism v : D→ D′ ∈ H0D lifts to a strong homotopy
isomorphism v : D→ D′ ∈ D. It is lifted to a morphism
(1C, v, 0) : (C,D, f)→ (C,D′, v ◦ f) ∈ C′1 (notice that v ◦ f is a
strong homotopy isomorphism) whose second projection is v.



ßâíèé âèðàç äëÿ ãîìîòîïiéíîãî âiäòÿãóâàííÿ dg

êàòåãîðié

Let D be a pretriangulated dg-category. With the above choice,
C1 ×hD C2 can be identi�ed with the dg category whose objects
are triples (C1,C2, f), where Ci ∈ Ob(Ci), for i = 1, 2, and
f : F1(C1)→ F2(C2) is a strong homotopy equivalence.
A morphism of degree n from (C1,C2, f) to (C′1,C′2, f ′) in
C1 ×hD C2 is given by a triple (a1, a2, h) with ai ∈ HomCi(Ci,C

′
i)n,

for i = 1, 2, and h ∈ HomD(F1(C1),F2(C′2))n−1.
The di�erential is de�ned by

d(a1, a2, h) := (d(a1), d(a2), d(h) + (−1)n(f ′ ◦F1(a1)−F2(a2) ◦ f))

and the composition by

(a′1, a′2, h′)◦(a1, a2, h) := (a′1◦a1, a′2◦a2,F2(a′2)◦h+(−1)nh′◦F1(a1)).
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