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Let A ∈ dg. The map σ : A→ A[1] graded commutes with the
di�erential:

A
σ → A[1]

−

A

d
↓

σ → A[1]

d↓

Let A,B ∈ dg. We have isomorphisms of complexes

(A⊗ B)[1] σ−1

→ A⊗ B
1⊗σ→ A⊗ (B[1])

− −

(A⊗ B)[1]

d↓
σ−1

→ A⊗ B

d
↓

1⊗σ→ A⊗ (B[1])

d↓

(A⊗ B)[1] σ−1

→ A⊗ B
σ⊗1→ A[1]⊗ B

− −

(A⊗ B)[1]

d↓
σ−1

→ A⊗ B

d
↓

σ⊗1→ A[1]⊗ B

d↓



On components σ−1 · (1⊗ σ) is the identity map:

{(A⊗ B)[1]}n = ⊕k+p=n+1A
k ⊗ Bp

= ⊕k+p−1=nA
k ⊗ Bp = ⊕k+m=nA

k ⊗ B1+m = {A⊗ (B[1])}n.

Lemma
Let p : B→ C ∈ dg, A ∈ dg. Then there is an isomorphism of
complexes Cone(1A ⊗ p) ∼= A⊗ Cone p.

Äîâåäåííÿ.

Cone(1A ⊗ p) =
(

(A⊗ B)[1]⊕A⊗ C,

(
d(A⊗B)[1] σ−1(1A ⊗ p)

0 dA⊗C

))

(
A⊗ (B[1])⊕A⊗ C,

(
dA ⊗ 1B[1] + 1A ⊗ dB[1] 1A ⊗ σ−1p

0 dA ⊗ 1C + 1A ⊗ dC

))σ−1·(1⊗σ)⊕1 ∼=↓

A⊗ Cone p =
(
A⊗ (B[1]⊕ C), dA ⊗

(
1B[1] 0

0 1C

)
+ 1A ⊗

(
dB[1] σ−1p

0 dC

))∼=↓



Lemma
Let q : A→ C ∈ dg, B ∈ dg. Then there is an isomorphism of
complexes Cone(q⊗ 1B) ∼= (Cone q)⊗ B.

Äîâåäåííÿ.

Cone(q⊗ 1B) =
(

(A⊗ B)[1]⊕ C⊗ B,

(
d(A⊗B)[1] σ−1(q⊗ 1B)

0 dC⊗B

))

(
A[1]⊗ B⊕ C⊗ B,

(
dA[1] ⊗ 1B + 1A[1] ⊗ dB (σ−1q)⊗ 1B

0 dC ⊗ 1B + 1C ⊗ dB

))σ−1·(σ⊗1)⊕1 ∼=↓

(Cone q)⊗ B =
(

(A[1]⊕ C)⊗ B,

(
dA[1] σ−1q

0 dC

)
⊗ 1B +

(
1A[1] 0

0 1C

)
⊗ dB

)∼=↓

Corollary

Let p : B→ C ∈ dg, A,D ∈ dg. Then there is an isomorphism of
complexes Cone(1A ⊗ p⊗ 1D) ∼= A⊗ (Cone p)⊗D.



Corollary

Let p : B→ C ∈ dg be a quasi-isomorphism and let A,D ∈ dg
be homotopy �at. Then 1A ⊗ p⊗ 1D is a quasi-isomorphism.



Proposition

Let A be a locally homotopy �at dg-category. Then
C = A〈fi, dfi ∈ A• | i ∈ I〉 is locally homotopy �at.

Äîâåäåííÿ.
Ob C = ObA, C(X,Y) = ⊕∞n=0 Homn

C(X,Y), where Hom0
C = A,

Homn
C(X,Y) = ⊕i1,...,in∈IA(X, src fi1)⊗ kfi1 ⊗A(tgt fi1 , src fi2)
⊗ kfi2 ⊗A(tgt fi2 , src fi3)⊗ · · · ⊗ kfin ⊗A(tgt fin ,Y).

A � locally homotopy �at ⇒ complex Homn
C(X,Y) is htpy �at.

0→ ⊕N−1n=0 Homn
C(X,Y)→ ⊕Nn=0 Homn

C(X,Y)→ HomN
C (X,Y)→ 0

is a semi-split exact sequence. ⇒ For any acyclic C ∈ dg

0→ C⊗
N−1⊕
n=0

Homn
C(X,Y)→ C⊗

N⊕
n=0

Homn
C(X,Y)→ C⊗ HomN

C (X,Y)→ 0

is a semi-split exact sequence.



⇒ By induction ⊕Nn=0 Homn
C(X,Y) is homotopy �at.

⇒ C(X,Y) = ⊕∞n=0 Homn
C(X,Y) is homotopy �at.

Corollary

Any semi-free dg-category Ã is locally homotopy �at.

∀ small A ∈ dgCat ∃ semi-free Ã with Ob Ã = ObA,
∃ dg-functor p : Ã → A with Ob p = idObA,
p � surjective quasi-isomorphism on morphisms.
Having full B ⊂ A de�ne B̃ ⊂ Ã by Ob B̃ = ObB. Corollary 4
implies that
p⊗ 1⊗ p⊗ 1⊗ · · · ⊗ p : Homn

Ã/B̃(X,Y)→ Homn
A/B(X,Y) is a

quasi-isomorphism. From

0 → ⊕N−1n=0 Homn
Ã/B̃(X,Y) → ⊕Nn=0 Homn

Ã/B̃(X,Y) → HomN
Ã/B̃(X,Y) → 0

0 → ⊕N−1n=0 Homn
A/B(X,Y)

qis↓
→ ⊕Nn=0 Homn

A/B(X,Y)
↓

→ HomN
A/B(X,Y)

qis↓
→ 0

we deduce that the middle vertical map is a quasi-isomorphism.
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