11. dg dpaxrop-kareropis pindesbia.
Hapxosio moxiiHnx KaTeropiii

Bostopuvup Jlrobarmenko

15 xBiTHa 2021



dg kareropiga Jpindenna

Let A be a DG category and B C A a full DG subcategory. We denote by .A/B the DG
category obtained from A by adding for every object U € B a morphism ey :U — U of
degree —1 such that d(sy) = idy (we add neither new objects nor new relations between

the morphisms).
So for X, Y € A we have an isomorphism of graded k-modules (but not an isomorphism
of complexes)
[e.9]
@Hom"A/B(X, Y) = Hom4,5(X, Y), (3.1
n=0

where Hom’jA/B(X, Y) is the direct sum of tensor products Hom 4 (U,, Uy+1) ® k[1]1 @
Hom g (U,—1, Uy) Qk[1]® - - - Qk[1]®- --@Hom 4 (Uy, U1), Uy := X, Up41:=Y,U; € B
for 1 <i < n (in particular, HomOA/B(X, Y) = Hom4 (X, Y)); the morphism (3.1) maps
®e® f1®--®e® foto fuey, fu—1---cu, fo, where ¢ is the canonical generator
of k[1]. Using the formula d(ey) = idy one can easily find the differential on the Lh.s.
of (3.1) corresponding to the one on the r.h.s. The image of @’11\1:0 Hom’;‘/B(X, Y)isa
subcomplex of Hom 4,5(X, ¥), so we get a filtration on Hom 4,3(X, Y). The map (3.1)
induces an isomorphism of complexes

[e 0]
€D Hom'y 5(X, ¥) = grHom/5(X, ¥). (3.2)
n=0
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3.2. Example. If A has a single object U with End 4 U = R then A/.A has a single object
U with End g4 U = R, where the DG algebra R is obtained from the DG algebra R by
adding a new generator ¢ of degree —1 with de = 1. As a DG R-bimodule, R equals
Cone(Bar(R) — R), where Bar(R) is the bar resolution of the DG R-bimodule R. Both
descriptions of R show that it has zero cohomology.

3.3. The triangulated functor A" — (A/B)' maps B" to zero and therefore induces
a triangulated functor @ : AY/BY — (A/B)". Here A"/BT denotes Verdier’s quotient
(see Appendix A). We will prove that if k is a field then & is an equivalence. For a
general ring k this is true under an additional assumption. E.g., it is enough to assume
that 4 is homotopically flat over k (we prefer to use the name “homotopically flat”
instead of Spaltenstein’s name “K-flat” which is probably due to the notation K (C) for the
homotopy category of complexes in an additive category C). A DG category A is said to be
homotopically flat over k if for every X, Y € A the complex Hom(X, Y) is homotopically
flat over k in Spaltenstein’s sense [50], i.e., for every acyclic complex C of k-modules
C Q@ Hom(X, Y) is acyclic. In fact, homotopical flatness of .4 can be replaced by one of
the following weaker assumptions:

Hom(X, U) is homotopically flat over k forall X € A, U € B; (3.3)
Hom(U, X) is homotopically flat over k forall X € A, U € B. 3.4

3.4. Theorem. Let A be a DG category and B C A a full DG subcategory. If either (3.3)
or (3.4) holds then & : A% /B — (A/B)Y is an equivalence.



3.5. 1f (3.3) and (3.4) are not s satlsﬁed one can construct a diagram (1.1) by choosing

a homotopically flat resolution A => A and putting C := A/B, where B C A is the full

subcategory of objects whose image in .4 is homotopy equivalent to an object of 5. Here

“homotopically flat resolution” means that Ais homotopically flat and the DG functor

A Aisa quasi-equivalence (see 2.3). The existence of homotopically flat resolutions of

A follows from Lemma B.5.

(i) Let .A and | B be as in 3.5 and suppose that (3.3) or (3.4) holds for both B C A
and B c A. Then the DG functor A/B — A/B is a quasi-equivalence, i.., it
induces an equivalence of the corresponding homotopy categories. This follows
from Theorem 3.4. One can also directly show that if X,Y € Ob(A/B) Ob.A
are the images of X, ¥ € Ob(A/B) = ObA then the morphism Hom g, B(X Y)—
Hom A/B(X Y) is a quasi-isomorphism (use (3.2) and notice that the morphism
Hom ~ N(X Y) — HomA/B(X Y) is a quasi-isomorphism for every n; this follows
dlrectly from the definition of Hom" and the fact that (3.3) or (3.4) holds for B C A
and B C .Z).



Let A € dg. The map o : A — A[1] graded commutes with the
differential:

A—2 5 A
dJ — J{d
A—7 5 A[1]

Let A, B € dg. We have isomorphisms of complexes

(A®B)1] “ = A®B —%% A @ (B[1])

dJ{ — J{d — J]d
(A®B)1] T A©B 2% A (B[1])

(A®B)1] = AwB 2 All]oB

NN

(A®B)] o AeB 4 A[l]@B



On components o~ ! - (1 ® o) is the identity map:

{(A@B)U}" = pespn 1 A¥ © BP
= @k+p71=nAk ®BP = 69kerznAk X B1+m = {A ® (B[l])}n'
Lemma

Let p: B— C € dg, A € dg. Then there is an isomorphism of
complexes Cone(1p ® p) = A ® Conep.

HopeneHns.

-1
Cone(1y ®p) = ((A @ B)1]eA®C, <d(A®B)[1] o (la® p)))
0 dasc

0'71-(1®0)691J(%

<dA ® 1pp) + 1a ® dgpy la®o tp ))
0 da ®1c+1a ®dc

-1
A ® Conep = (A ® (B[] ® C),da ® (1%[1] 10 ) il <d13[1] o p>)
C 0 dc

<A % (B[]) @ A®C,



Lemma
Let q: A — C € dg, B € dg. Then there is an isomorphism of

complexes Cone(q ® 1g) = (Coneq) ® B.

HopemeHns. . 4 1)

cmdq®my:0A®Bnu@C®B«(M?W1 m@BB>>
0*1-(0®1)@1l%

<dA[1] ®@1p+ 1A ® dp (Gflq) ® 1p >>
0 de®1p +1c ®dp

d -1 1 0
(Coneq) ® B = <(A[1] & C)®B, ( %“1 Udcq> ® 1p + < ’B[” ) ®dB>

<MH®B@C®&

Ic

Corollary -

Let p: B— C edg, A,D € dg. Then there is an isomorphism of
complexes Cone(ly ® p® 1p) = A ® (Conep) ® D.



Corollary

Let p: B — C € dg be a quasi-isomorphism and let A, D € dg
be homotopy flat. Then 14 ® p ® 1p is a quasi-isomorphism.



Proposition

Let A be a locally homotopy flat dg-category. Then
C = A(f,dfi € A* | i € 1) is locally homotopy flat.

HoBeneHHs.
ObC =0b A, C(X,Y) = @2, Hom%(X,Y), where Hom2 = A,

Homg(X,Y) = @i, i.erA(X, srefi)) @ ki, @ A(tgtfi,, srcf;,)
® kfi, ® A(tgtfi,,srcfi,) ® - @ kfi, ® A(tgtfi,,Y).

A — locally homotopy flat = complex Homg(X,Y) is htpy flat.
0 — &NZg Hom3(X,Y) — &\_g Hom3(X,Y) — Homd(X,Y) — 0

is a semi-split exact sequence. = For any acyclic C € dg

N-—-1 N
0— C® P Homg(X,Y) = C @ @ Homg(X,Y) = C ® Homg (X, Y) — 0
n=0 n=0

is a semi-split exact sequence.



= By induction ®Y_; Hom%(X,Y) is homotopy flat.
= C(X,Y) = &52, Homg (X, Y) is homotopy flat.

O

Corollary

Any semi-free dg-category A is locally homotopy flat.

V small A € dgCat 3 semi-free A with Ob.A = Ob A,

3 dg-functor p : A — A with Obp = idop 4,

p — surjective quasi-isomorphism on morphisms.

Having full B C A define B ¢ A by ObB = Ob B. Corollary 4
implies that

PR1IPRI®---Qp: Homii/é(X,Y) — Homil/B(XvY) is a
quasi-isomorphism. From

0— o} Hom? 5(X,Y) — N, Hom? 5(X,Y) — Homﬁ/é(x,Y) —0

! l o

0 — @y Hom?y 5(X, Y) — @nly Hom?y (X, Y) — Hom®}y (X, Y) — 0

we deduce that the middle vertical map is a quasi-isomorphism.



3.7.1. Let Ap be the DG category with two objects X, X» freely generated by a mor-
phism f:X; — X5 of degree 0 with df =0 (so Hom(X;, X;) = k, Hom(X1, X2) is the
free module kf and Hom(X3, X1) = 0). Put A := Agre'". Let B C A be the full DG
subcategory with a single object Cone( f). Instead of describing the whole DG quotient
A/B, we will describe only the full DG subcategory (A/B)o C A/B with objects X, and
X; (the DG functor (A/B))" — (A/B)P" is a DG equivalence in the sense of 2.3,
so A/B can be considered as a full DG subcategory of (A/B))'™). Directly using the
definition of A/B (see 3.1), one shows that (A/B)¢ equals the DG category K freely
generated by our original f:X; — X» and also a morphism g: X> — X; of degree 0,
morphisms «; : X; — X; of degree —1, and a morphism u : X; — X» of degree —2 with
the differential givenby df =dg =0,do; =gf — l,dax = fg—1,du = fa; —aaf.On
the other hand, one has the following description of Ho'((A/B)o).
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