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Àáåëåâà êàòåãîðiÿ

Àáåëåâà êàòåãîðiÿ ¹ àäèòèâíîþ êàòåãîði¹þ, ÿêà çàäîâîëüíÿ¹
àêñiîìàì:
AB1) Ó áóäü-ÿêîãî ìîðôiçìó f : A→ B iñíó¹ ÿäðî
ker f : Ker f → A é êîÿäðî coker f : B→ Coker f.
AB2) Äëÿ áóäü-ÿêîãî ìîðôiçìó f : A→ B êàíîíi÷íèé
ìîðôiçì coker ker f = coim(f)→ im(f) = ker coker f ¹
içîìîðôiçìîì.







Same proof works for coproduct (direct sum) over an in�nite
set, if it exists in a given triangulated category T . Subtlety:
natural bijections

T
(
(
∐
i∈I

Xi)[1],Y[1]
) ∼= T (∐

i∈I
Xi,Y

) ∼= ∏
i∈I
T (Xi,Y)

∼=
∏
i∈I
T (Xi[1],Y[1]) ∼= T

(∐
i∈I

(Xi[1]),Y[1]
)

imply natural bijection α :
∐

i∈I(Xi[1]) ∼=
(∐

i∈IXi

)
[1].



Êîäîáóòîê âèäiëåíèõ òðèêóòíèêiâ

In particular,

inj[1] =
(
Xj[1] inj→

∐
i∈I

(Xi[1]) α

∼=
→
(∐
i∈I

Xi

)
[1]
)
.

Coproduct of exact triangles Xj

uj−→ Yj

vj−→ Zj
wj−→ Xj[1] is de�ned

as the upper row of the commutative diagram

∐
j∈I

Xj

∐
uj→

∐
j∈I

Yj

∐
vj→
∐
j∈I

Zj

∐
wj→
∐
j∈I

(Xj[1]) α

∼=
→
(∐
j∈I

Xj

)
[1]

∐
i∈I

Xi

(inj) = 1

↓ ∐
ui→

∐
i∈I

Yi

(inj) = 1

↓
m → L

(fj)

↓
n →

(∐
i∈I

Xi

)
[1]

1

↓

So it is exact.



(
C(A)

(∐
i∈I

Ai,B
)
, [_, d]

) ∼= ∏
i∈I

(
C(A)(Ai,B), [_, d]

)
, K(A) = H0C(A).



AB4) A satis�es AB3), and the coproduct of a family of
monomorphisms is a monomorphism.



Òåëåñêîï â òðèàíãóëüîâàíié êàòåãîði¨



AB5) A satis�es AB3), and �ltered colimits of exact sequences
are exact.



Òåëåñêîï âiäîáðàæåíü â òîïîëîãi¨

For

X• =
(
X0

f0−→ X1
f1−→ X2

f2−→ · · ·
)

a sequence in Top, its mapping telescope is the quotient
topological space of the disjoint union of product topological
spaces

Tel(X•) :
(
t

n∈N
(Xn × [n, n + 1])

)
/∼

where the equivalence relation quotiented out is

(xn, n + 1) ∼ (fn(xn), n + 1)

for all n ∈ N and xn ∈ Xn.
At least if all the fn are inclusions, this is the sequential
attachment of ever �larger� cylinders, whence the name
�telescope�.



Let S be a triangulated category. Suppose Xi, i ∈ N, is a
sequence of objects in S, together with maps fi : Xi → Xi+1.
Then ∀n ∈ N there is a split exact sequence in S

0→
n⊕

i=0

Xi
1−shift→

n+1⊕
i=0

Xi
p→ Xn+1 → 0,

1−shift =


1 −f0

1 −f1 0
1 −f2

0
. . .

. . .

1 −fn−1

 , p =



f0f1 . . . fn
f1 . . . fn
. . .

fn−1fn
fn
1





Splitting is given by

n⊕
i=0

Xi ←
q

n+1⊕
i=0

Xi ←
j

Xn+1,

q =



1 f0 f0f1 f0f1 . . . fn−2

1 f1
. . . f1 . . . fn−2

1
. . . . . .

0
. . . fn−2

1
0


, j =

(
0 0 0 0 . . . 1

)



The diagram commutes

n⊕
i=0

Xi
1−shift→

n+1⊕
i=0

Xi
p → Xn+1

n+1⊕
i=0

Xi

↓
∩

1−shift→
n+2⊕
i=0

Xi

↓
∩

p → Xn+2

fn+1

↓

Let S = D(A), where abelian category satis�es AB5). Filtered
colimit of rows is an exact sequence in C(A)

0→
∞∐
i=0

Xi
1−shift→

∞∐
i=0

Xi
p→ colimi∈NXi → 0.

Hence, a quasi-isomorphism

hocolimiXi = Cone(1− shift)→ colimiXi.



Ãîìîòîïiéíà êîãðàíèöÿ



Àäèòèâíiñòü ãîìîòîïiéíî¨ êîãðàíèöi



Ãîìîòîïiéíà êîãðàíèöÿ ïîñëiäîâíîñòi òîòîæíèõ

ìîðôiçìiâ

is a split monomorphism.





Another splitting of

0→
n⊕

i=0

Xi
1−shift→

n+1⊕
i=0

Xi
p→ Xn+1 → 0,

is given by
n⊕

i=0

Xi ←
t

n+1⊕
i=0

Xi ←
i0

Xn+1,

t =



0 0 0 0

−1 0 0
. . . 0

−1 −1 0
. . . 0

. . .
. . .

. . .

−1 −1 −1 . . . 0
−1 −1 −1 −1


, i0 =

(
1 0 0 0 . . . 0

)



Hence, splitting of

0→
∞∐
i=0

X
1−shift→

∞∐
i=0

X
p→ X→ 0,

is given by
∞∐
i=0

X←t
∞∐
i=0

X←i0
X.

The both rows in

∞∐
i=0

X
in2 → X⊕

∞∐
i=0

X
pr1 → X

0 →

∞∐
i=0

X

1↓
1−shift →

∞∐
i=0

X

(
i0

1−shift
)
∼=↓

→ Hocolim(1)

∃ ∼=

↓
→

are distinguished.



Ãîìîòîïiéíà êîãðàíèöÿ ïîñëiäîâíîñòi íóëüîâèõ

ìîðôiçìiâ



Ðîçùåïëþâàíiñòü iäåìïîòåíòiâ













Paul Balmer and Marco Schlichting, Idempotent completion
of triangulated categories, J. Algebra 236 (2001), no. 2,
819�834. Lemma 1.6

Marcel B�okstedt and Amnon Neeman, Homotopy limits in
triangulated categories, Compositio Math. 86 (1993), no. 2,
209�234. �1.1 � 2.1

Alexandre Grothendieck, Sur quelques points d'alg�ebre
homologique, Tohoku Math. J. 9 (1957), no. 2, 119�221. �1.5

Masaki Kashiwara and Pierre Schapira, Sheaves on
manifolds, - Grundlehren der mathematischen
Wissenschaften, vol. 292, Springer-Verlag, Berlin, New York,
1990. Proposition 1.7.5

Amnon Neeman, Triangulated categories, Annals of Math.
Studies, no. 148, Princeton University Press, Princeton,
Oxford, 2001, http://hopf.math.purdue.edu 449 pp. �1.6.4 �
�1.6.9

http://hopf.math.purdue.edu


Jean-Louis Verdier, Des cat�egories d�eriv�ees des cat�egories
ab�eliennes, Ast�erisque (1996), no. 239, xii+253 pp., With a
preface by Luc Illusie, Edited and with a note by Georges
Maltsiniotis. Corollaire II.1.2.5


