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Êîíóñ êâàçi-içîìîðôiçìà � àöèêëi÷íèé

Let C be a dg-category over a commutative ring k.

Lemma (well-known)

Let g : A→ B ∈ Z0dgMod-C. Then g is a quasi-isomorphism i�
Cone g is acyclic.

Äîâåäåííÿ.

For all X ∈ Ob C the functor A 7→ H0(A(X)) is cohomological.
The distinguished triangle A

g−→ B→ Cone g→ in H0dgMod-C
implies exact sequence

Hk−1(Cone g(X))→ Hk(A(X))→ Hk(B(X))
→ Hk(Cone g(X))→ Hk+1(A(X))→ Hk+1(B(X)).

Vanishing of H•(Cone g(X)) is equivalent to H•(g(X)) being an
isomorphism.



Êîíóñ ãîìîòîïiéíî îáîðîòíîãî ìîðôiçìà � ñòÿãóâàíèé

Lemma (well-known)

Let f : M→ N ∈ Z0dgMod-C. Then f is homotopy invertible i�
Cone f is contractible.
Äîâåäåííÿ. Assume that Cone f = (M[1]⊕N, dCone f) is
contractible,

dCone f =
(
dM[1] σ−1 · f
0 dN

)
.

The contracting homotopy h ∈ dgMod-C(Cone f,Cone f)−1 can
be presented as

h =
(
α[1] σ−1 · δ
g · σ β

)
,

where g ∈ dgMod-C(N,M)0,α ∈ dgMod-C(M,M)−1,
β ∈ dgMod-C(N,N)−1, δ ∈ dgMod-C(M,N)−2.



The equation dCone fh + hdCone f = 1Cone f can be written as the
system

dNg = gdM,

1M − f · g = dMα+ αdM,

1N − g · f = dNβ + βdN,

α · f − f · β = δ · dN − dM · δ ≡ [δ, d]

The �rst equation says that g : N→ M ∈ Z0dgMod-C. The
second and the third say that g is homotopy inverse to f.

The fourth equation says that we deal with representation of
Kontsevich's category!



Assume that f : M→ N ∈ Z0dgMod-C is homotopy invertible.
The category H0dgMod-C is triangulated. The square

M
f → N

=

N

f
↓

1 → N

1
↓

extends to a morphism of distinguished triangles

M
f → N → Cone f → M[1]

N

f
↓

1 → N

1
↓

→ 0

0
↓

→ N[1]

f[1]↓

by property [TR3] of triangulated category H0dgMod-C.
The morphism 0 : Cone f → 0 is invertible in H0dgMod-C, that
is, Cone f is contractible.



Êâàçi-içîìîðôiçì ãîìîòîïiéíî ïðîåêòèâíèõ ìîäóëiâ

ãîìîòîïiéíî îáîðîòíèé

Proposition

Let f : M→ N be a quasi-isomorphism of homotopy projective
C-modules. Then f is homotopy invertible.

Äîâåäåííÿ.

Since f is a quasi-isomorphism, Cone f is acyclic by Lemma 1.
On the other hand, Cone f is homotopy projective. The identity
morphism id : Cone f → Cone f ∈ Z0dgMod-C is a morphism from
a homotopy projective C-module to an acyclic C-module. Hence,
[idCone f ] = 0 ∈ H0dgMod-C, that is, Cone f is contractible. By
Lemma 2 f is homotopy invertible.



Lemma (see Verdier, Proposition 2.3.3)

Consider a diagram in Z0dgMod-C

P

Q
r

∼ → N

f

→

where r is a quasi-isomorphism, P ∈ h-proj-C.
Then there is a morphism g : P→ Q ∈ Z0dgMod-C such that
the triangle

P

Q

g ∼
↓ r

∼ → N

f

→
(1)

commutes up to homotopy.



Äîâåäåííÿ.

Cone r is acyclic by Lemma 1. The composition

P
f−→ N ⊂α(r)=(0 1)→ Cone(r : Q→ N) = (Q[1]⊕N, dCone r)

is null-homotopic, being a map from a homotopy projective
module to an acyclic module. Therefore, there is a homotopy
h ∈ dgMod-C(P, (Q[1]⊕N, dCone r))−1 such that

f · α(r) = dP · h + h · dCone r. (2)

Representing the homotopy as h = (g · σ, γ),
g ∈ dgMod-C(P,Q)0, γ ∈ dgMod-C(P,N)−1 we see that (2) is
equivalent to requirements

g ∈ Z0dgMod-C(P,Q),
f = g · r + dP · γ + γ · dN,

which is the precise statement about homotopy commutativity
of (1).



Corollary

(a) Given a diagram in Z0dgMod-C

P Q

M

t
↓

j → N

o r

↓

with homotopy projective P and a quasi-isomorphism r there is
a morphism g : P→ Q ∈ Z0dgMod-C such that the square

P
g → Q

∼

M

t
↓

j → N

o r

↓

commutes up to homotopy.
(b) If, moreover, Q is homotopy projective and t, j are
quasi-isomorphisms, then g is homotopy invertible.



Äîâåäåííÿ.

(b) The left hand side of equation t · j− dP · γ − γ · dN = g · r is a
quasi-isomorphism, since H•(t · j− dP · γ − γ · dN) = H•(t · j).
Therefore, g is a quasi-isomorphism. By Proposition 1 g is
homotopy invertible.



Îá'¹êòè âiëüíi çëiâà



Âëàñòèâîñòi ãîìîòîïiéíî ïðîåêòèâíèõ ìîäóëiâ

Äëÿ íàñ D = H0dgMod-Cop, B = H0dgAcyc-Cop,
SD(B) = {qis}op.





Êîäîáóòêè i äîáóòêè â ïîõiäíié êàòåãîði¨

Lemma
Let A be a small abelian category and let
{A∗n}n≥0 ⊆ Ob(D?(A)).
(1) If Ai

n = 0 for all i > −n and ? = −, ∅, then
⊕∞

n=0A
∗
n is a

coproduct in D?(A), i.e. there is a canonical isomorphism

∞⊕
n=0

A∗n
∼=
∞∐
n=0

A∗n.

(2) If Ai
n = 0 for all i < n and ? = +, ∅, then

⊕∞
n=0A

∗
n is a

product in D?(A), i.e. there is a canonical isomorphism

∞⊕
n=0

A∗n
∼=
∞∏
n=0

A∗n.
Corollary

Let A be a small abelian category and let {Ai}i≥0 ⊆ Ob(A).
Then

⊕∞
i=0A

i[k + i] is a coproduct in D−(A) and D(A), while⊕∞
i=0A

i[k− i] is a product in D+(A) and D(A), for all k ∈ Z.
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