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Theorem

Ïðèïóñòèìî, ùî S - öå ìíîæèíà, êàòåãîðiÿ C ¹ ïîâíîþ i
êîïîâíîþ i F : dgS � C : U ¹ ñïðÿæåííÿì. Ïðèïóñòèìî, ùî U
çáåðiãà¹ ôiëüòðóþ÷i êîãðàíèöi. Äëÿ áóäü-ÿêîãî x ∈ S
ðîçãëÿíåìî îá'¹êò Kx ç dgS, Kx(x) = Cone(idk), Kx(y) = 0 äëÿ
y 6= x. Ïðèïóñòèìî, ùî ëàíöþãîâå âiäîáðàæåííÿ
U(in2) : UA→ U(F(Kx[p]) tA) - êâàçiiçîìîðôiçì äëÿ âñiõ
îá'¹êòiâ A ç C i âñiõ x ∈ S, p ∈ Z. Îñíàñòèìî C êëàñàìè
ñëàáêèõ åêâiâàëåíòiâ (âiäïîâiäíî ôiáðàöié), ùî ñêëàäàþòüñÿ
ç ìîðôiçìiâ f ç C òàêèõ ùî Uf - êâàçiiçîìîðôiçì (âiäïîâiäíî
åïiìîðôiçì). Òîäi êàòåãîðiÿ C - ìîäåëüíà êàòåãîðiÿ.



Çàñòîñóâàííÿ òåîðåìè Õiíi÷à

S = one-element set,
C = mod-R � right dg-modules over dg k-algebra R,
C is additive (even abelian) ⇒ for �nite I

∐
i∈I = ⊕i∈I.

C is complete and cocomplete.
Additive functors F : dg � C : U are:
free R-module F : M 7→ M⊗k R
underlying complex (P• ∈ dgZ, k→ R→ dgZ(P,P))← P : U,
U çáåðiãà¹ ôiëüòðóþ÷i êîãðàíèöi.
F : dgS � C : U ¹ ñïðÿæåííÿì: C(FM,P) ∼= dg(M,UP) ïðèðîä.
F(k[n]) = R[n]. We have
U(in2) = in2 : UP→ U(F(Kx[p]) t P) = UF(K[p])⊕UP.

The summand U(F(K[p]) = 0→ R
−p

1−→ R
−p+1

→ 0 is contractible

⇒ U(in2) is a quasi-isomorphism.
Conditions of the theorem are satis�ed.



Íåõàé M ∈ Ob dg, A ∈ Ob C, α : M→ A# ∈ dg. Ïîçíà÷èìî
÷åðåç C = Coneα = (M[1]⊕UA, dCone) ∈ Ob dg êîíóñ.
Ïîçíà÷èìî ÷åðåç ı̄ = in2 : UA→ C î÷åâèäíå âêëàäåííÿ.
Îçíà÷èìî îá'¹êò A〈M, α〉 ∈ Ob C ÿê âèøòîâõóâàííÿ

A⊗k R
action → A

C⊗k R

ı̄⊗1
↓

g → A〈M, α〉

̄↓

Îòæå, A〈M, α〉 = ((M[1]⊗k R)⊕UA, d), äå

d =
(
dM[1]⊗kR M[1]⊗k R

σ−1⊗1→ M⊗k R
α⊗1→ A⊗k R

action→ A

0 dA

)
.

Îòæå, 0→ A→ A〈M, α〉 → M[1]⊗k R→ 0 òî÷íà â dg mod-R i
íàïiâðîçùåïëþâàíà = ðîçùåïëþâàíà â gr mod-R.
Íàì ïîòðiáåí M ç dM = 0. Òîäi dM[1]⊗kR = 1M[1] ⊗ dR.
⇒ C has model structure in which semi-free modules are
co�brant.



dg-êàòåãîði¨ çi ñêií÷åííîþ ìíîæèíîþ îá'¹êòiâ

A dg k-algebra R is associated with a dg-category A with �nite
ObA:

R =
⊕

i,j∈ObA
A(i, j) (with A(i, j) · A(k, l) = 0 if j 6= k).

This algebra has a family of pairwise orthogonal idempotents
(ei = idi)i∈ObA such that

∑
i∈ObA ei = 1 and eid = 0.

⇒ Any R-module P splits into dg k-subcomplexes Pi = Pei with
the action Pi ⊗k A(i, j)→ Pj.
The latter is equivalent to a chain map A(i, j)→ dgr(Pi,Pj).
Together with the function i 7→ Pei these de�ne a dg-functor
P∗ : A → dgk.
The correspondence P 7→ P∗ extends to an equivalence
mod-R = dg mod-R→ dgCat(A, dg) = dgMod(A).
For instance, take the R-module P = jR = ejR. Then
P∗(i) = ejRei = A(j, i). ⇒ (ejR)∗ = h̃j, where h̃j(i) = A(j, i).



Ìîäóëi íàä dg-êàòåãîði¹þ



Ïðåäñòàâëþâàíi ìîäóëi



Àöèêëi÷íi ìîäóëi



Äîâåäåííÿ. Let A0 be a projective module, Then 0→ A0 → 0 is
homotopy projective: Let . . .→ Si−1 → Si → Si+1 → . . . be
acyclic. We have to prove that

. . .→ k -mod(A0, Si−1)→ k -mod(A0, Si)→ k -mod(A0, Si+1)→ . . .

is acyclic. This follows from projectivity of A0 and diagram

A0

Si−1 .

∃

← Ker d←

Si

f

↓
d →

⊂

→d
→

Si+1

0

→



Íàïiââiëüíi ìîäóëi ãîìîòîïi÷íî ïðîåêòèâíi
Over the dg ring R

Proposition

A semi-free DG R-module F is homotopically projective.

Äîâåäåííÿ. Indeed, if {Fi} is a �ltration on F, then every
homotopy between f|Fi−1

and 0 can be extended to a homotopy
between f|Fi

and 0. The exact sequence

0→ Fi−1 → Fi
ψ−→ P→ 0 in dg mod-R (where

P = ⊕j∈JR[nj] = {pj | j ∈ J}R, deg pj = −nj) is semisplit, that
is, split by a map k : P→ Fi ∈ gr mod-R commuting with the
action of R, but not with the di�erential. We are given
f : Fi → N ∈ dg mod-R with acyclic N and homotopy
h′ : Fi−1 → N ∈ gr mod-R such that f|Fi−1

= d · h′ + h′ · d.



Íàïiââiëüíi ìîäóëi íàä dg-êàòåãîði¹þ
We look for degree −1 map h : Fi → N ∈ gr mod-R such that
h|Fi−1

= h′ and f = d · h + h · d. It su�ces to specify h on pjk.
Notice that pjkdψ = pjkψd = pjd = 0 implies pjkd ∈ Fi−1.
One can �nd pjkh ∈ N which solves pjk(f−d ·h′) = (pjkh)d since

pjk(f−d·h′)d = pjkd(f−h′·d) = pjkd(f|Fi−1
−h′·d) = pjkddh

′ = 0.

The homotopy h : F→ N ∈ gr mod-R is constructed by
induction.



Íàïiââiëüíi ìîäóëi ãîìîòîïi÷íî ïëàñêi

Proposition

A semi-free A-module F is homotopy �at.

Äîâåäåííÿ. Let {Fi} be a �ltration on F. Since the exact
sequence 0→ Fi−1 → Fi → P→ 0 (P = ⊕j∈Jh̃Yj

[nj]) is
semisplit, the sequence

0→ G⊗A Fi−1 → G⊗A Fi → G⊗A P→ 0

is semisplit as well.
⇒ It is an exact sequence of complexes of k-modules.
⇒ From the associated long sequence of cohomology groups one
concludes:
(G⊗A Fi−1 and G⊗A P are acyclic ⇒ G⊗A Fi is acyclic).
⇒ G⊗A F is acyclic by induction.
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