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B.1. Definition. A DG R-module F over a DG ring R is fiee if it is isomorphic to a direct
sum of DG modules of the form R[n], n € Z. A DG R-module F is semi-free if the
following equivalent conditions hold:

(1) F can be represented as the union of an increasing sequence of DG submodules F;,
i=0,1,..., sothat Fy = 0 and each quotient F; /F;_ is free;
A complex of k-modules is semi-free if it is semi-free as a DG k-module.

B.2. Remarks.
(i) A bounded above complex of free k-modules is semi-free.

Theorem

[Mpunycrumo, mo S - e MHOXKUHA, Kareropig C € TMOBHOIO i
konosuowo i F : dg® 2 C : U e cupsxennam. Ipunycrumo, mo U
36epirae dinbrpyroui korparuri. Jas 6yas-sgkoro x € S
posrusemo 06’ekt K, 3 dg®, K, (x) = Cone(idy), Kx(y) = 0 m1s
y # x. [Ipumycrumo, 1o JaHIorose BigooparkeHHst

U(ing) : UA — U(F(K«[p]) U A) - kBasiizomopdizm st Beix
06’ekrie A 3 CiBcix x € S, p € Z. Ocnacrumo C KiaacaMn
cabkux ekBiBaeHTiB (BianosigHo Bhibpamniii), MmO CKIAIAI0THCT
3 Mopdismis f 3 C rakux mo Uf - kBasiizomopdism (BimmosigHo
emimopdiam). Toai kareropis C - MOmETbHA KATErOpis.



3acTocyBaHHSA TEOPEMHU XiHida
Yy p

S = one-element set,

C = mod- R — right dg-modules over dg k-algebra R,

C is additive (even abelian) = for finite I [[;c; = @it

C is complete and cocomplete.

Additive functors F : dg = C : U are:

free R-module F: M — M ® R

underlying complex (P* € dgz,k - R — dg, (P, P)) «+— P : U,
U 3bepirae GinbTpyodi KOrpaHuri.

F:dg® = C: U e cupsennsav: C(FM, P) = dg(M, UP) mpupoz.
F(k[n]) = R[n]. We have

U(ing) = iny : UP — U(F(Ky[p]) UP) = UF(K[p]) @ UP.

The summand U(F(K[p]) =0 — I}) EN IEH — 0 is contractible

= U(ing) is a quasi-isomorphism.
Conditions of the theorem are satisfied.



Hexait M € Obdg, A € ObC, a: M — A# € dg. Tlosnaumuo
qepe3 C = Conea = (M[1] ® UA, dcone) € Obdg xonyc.
[Mozuaummo uepes 7 = ing : UA — C oueBujHe BKJIAIEHHHA.
Oszuatumo 06’'ekt A(M, a) € ObC gx BUIITOBXYBaHHS

action

Ak R —— A

o

CexR & AM, a)
Orsxe, A(M, o) = (M[1] ® R) & UA, d), ze

d= <dM[1]®kR M[1] ®x R ¥> M@ R AN P it action A) |
0 da

Orxe, 0 > A — A(M, o) - M[1] ® R — 0 rouna B dgmod-R i
HAaMBPO3IIEILIIOBAHA = PO3MIEILTIOBaHA B gr mod- R.

Hawm motpider M 3 dy = 0. Tomi dM[1]®kR = 1M[1] ® dg.

= C has model structure in which semi-free modules are
cofibrant.



dg-kaTeropii 31 CKIHUEHHOIO MHOXKHHOIO 00’€KTIB

A dg k-algebra R is associated with a dg-category A with finite
Ob A:

R= P AGJ)  (with A, j) - A(k,1) = 0 if j # k).
i,jeOb A

This algebra has a family of pairwise orthogonal idempotents
(ei = idi)icob.a such that >7cop 46 =1 and e;d = 0.

= Any R-module P splits into dg k-subcomplexes P; = Pe; with
the action P; @y A(i,j) — P;.

The latter is equivalent to a chain map A(i, j) — dg"(Pi, Pj).
Together with the function i — Pe; these define a dg-functor
pP*: A — dg,.

The correspondence P — P* extends to an equivalence

mod- R = dgmod-R — dgCat(A,dg) = dgMod(A).

For instance, take the R-module P = jR = ¢;R. Then

P*(i) = ¢jRe; = A(},1). = (e;R)* =y, where (i) = A(j,1).



Monyni naj dg-kaTeropieio

C.1. Let A be a DG category. A left DG A-module is a DG functor from .4 to the DG
category of complexes of k-modules. Sometimes left DG .A-modules will be called simply
DG A-modules. If A has a single object U with End 4 U = R then a DG A-module is the
same as a DG R-module. A right DG A-module is a left DG module over the dual DG
category A°. The DG category of DG .A-modules is denoted by A-DGmod. In particular,
k-DGmod is the DG category of complexes of k-modules.

C.2. Let A be a DG category. Then the complex

Alg g = @ Hom(X,Y)
X,YeOb.A

has a natural DG algebra structure (interpret elements of Alg 4 as matrices ( fxy), fxy €
Hom(Y, X), whose rows and columns are labeled by Ob.A). The DG algebra Alg 4 has

the following property: every finite subset of Alg 4 is contained in e Alg 4 e for some
idempotent ¢ € Alg 4 such that de = 0 and dege = 0. We say that a module M over
Alg 4 is quasi-unital if every element of M belongs to eM for some idempotent e € Alg 4
(which may be assumed closed of degree 0 without loss of generality). If @ is a DG A-
module then Mg := Py op 4 P (X) is a DG module over Alg 4 (to define multiplication
write elements of Alg 4 as matrices and elements of Mg as columns). Thus, we get a
DG equivalence between the DG category of DG .4-modules and that of quasi-unital DG
modules over Alg 4.



[IpencrasaroBani MoTyi

C.3. Let F: A — k-DGmod be a left DG .A-module and G : A — k-DGmod aright DG
A-module. A DG pairing G x F — C, C € k-DGmod, is a DG morphism from the DG
bifunctor (X, Y) — Hom(X,Y) to the DG bifunctor (X, Y) — Hom(G(Y) ® F(X), C).
It can be equivalently defined as a DG morphism F — Hom(G, C) or as a DG morphism
G — Hom(F, C), where Hom(G, C) is the DG functor X > Hom(G(X), C), X € A.
There is a universal DG pairing G x F — Cy. We say that Cy is the tensor product
of G and F, and we write Cp = G ® 4 F. Explicitly, G ® 4 F is the quotient of
Dxca G(X) ® F(X) by the following relations: for every morphism f: X — Y in A
and every u € G(Y), v € F(X) one should identify f*(u) ® v and u ® fi(v). In terms
of [39, §IX.6], G®4 F = fX G(X)® F(X), i.e., G ®4 F is the coend of the functor
A° x A — k-DGmod defined by (¥, X) — G(¥) ® F(X). In terms of C.2, a DG pairing
G x F — C is the same as a DG pairing Mg x Mr — C,50 G® 4 F = Mg ®alg, Mr.

C.4. Example. For every ¥ € A one has the right DG .A-module hy and the left DG
A-module hy defined by hy(Z) := Hom(Z,Y), ﬁy(Z) := Hom(Y, Z), Z € A. One has
the canonical isomorphisms

G®4hy=G(Y), (€.
hy ® 4 F = F(Y) (C.2)

induced by the maps G(Z) ® Hom(Y, Z) — G(Y), Hom(Z,Y) ® F(Z) — F(Y), Z € A.
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C.5. Given DG categories A, 5, B, a DG A ® B-module F, and a DG (A° ® B)-mo-
dule G, one defines the DG B ® B-module G ® 4 F as follows. We consider F as a DG
functor from B to the DG category of DG A-modules, so F(X) is a DG .4-module for
every X € B. Quite similarly, G(Y) is a DG (.A)°-module for every ¥ € B. Now G ® 4 F
is the DG functor ¥ ® X > G(¥) ®4 F(X), X € B, Y € B.

C.6. Denote by Hom 4 the DG A ® A°-module (X, ¥) — Hom(Y, X), X, ¥ € A. E.g.,
if A has a single object and R is its DG algebra of endomorphisms then Hom 4 is the DG
R-bimodule R. For any DG category .4 the isomorphisms (C.1) and (C.2) induce canonical
isomorphisms

Hom A ®@qF =F, G @ Homy=G (C.3)
for every left DG .A-module F and right DG A-module G

C.7. A left or right DG A-module F:A — k-DGmod is said to be acyclic if the
complex F(X) is acyclic for every X € A. A left DG A-module F is said to be
homotopically flut if G ® 4 F is acyclic for every acyclic right DG .4-module G. A right
DG A-module is said to be homotopically flat if it is homotopically flat as a left DG
A°-module. It follows from (C.1) and (C.2) that sy and /iy are homotopically flat.



DEerINITION. A complex 4° (in € or K) is K-projective (resp. K-injective) if
for every acyclic complex S € €, the complex Hom (4", S°) (resp.
Hom'(S°, 4")) is acyclic.

1.2. PROPOSITION. Let A" € € be such that A' = 0 for i # 0. Then A" is
K-projective (resp. K-injective) if and only if A° is a projective (resp. injective)
object of .

Josenenns. Let A? be a projective module, Then 0 — A® — 0 is
homotopy projective: Let ... — Si71 — St — S+l 5 be

acyclic. We have to prove that
... = k-mod(A% 8"!) = k-mod(A°,S') — k-mod(A°, Sit1) — ...
is acyclic. This follows from projectivity of A? and diagram

AO



HamnisBisibHI MOJTYJII TOMOTOTIYHO TTPOEKTUBHI
Over the dg ring R

As noticed in [1,19], a semi-free DG module F is homotopically projective, which
means that for every acyclic DG module N every morphism f : F — N is homotopic
to 0 (we prefer to use the name “homotopically projective” instead of Spaltenstein’s
name “K-projective”). Indeed, if {F;} is a filtration on F satisfying the condition
from B.1, then every homotopy between f|r,_, and 0 can be extended to a homotopy
between f|r, and 0. This also follows from Lemma 4.4 applied to the triangulated

Proposition
A semi-free DG R-module F is homotopically projective.
Hosenenns. Indeed, if {F;} is a filtration on F, then every

homotopy between f|p, , and 0 can be extended to a homotopy
between f|r, and 0. The exact sequence

0—Fi; —»F 5P —0indgmodR (where

P = ®jesR[nj] = {pj | j € J}R, degp; = —n;) is semisplit, that
is, split by a map k : P — F; € grmod- R commuting with the
action of R, but not with the differential. We are given

f:F; = N € dgmod- R with acyclic N and homotopy
h':Fi_1 — N € grmod- R such that f|p,_, =d-h"+h'-d.



HamiBBiibHI MOy 1 HaJl dg-KaTeropieio
We look for degree —1 map h : F; — N € grmod- R such that
hlp, , =h"and f =d-h+h-d. It suffices to specify h on pjk.
Notice that pjkdy = pjki¢yd = pjd = 0 implies pjkd € F;_1.
One can find pjkh € N which solves pjk(f —d-h') = (pjkh)d since

pik(f—d-h’)d = pikd(f—h’-d) = pikd(f|r, , —}’-d) = pjkddh’ = 0.

The homotopy h : F — N € grmod- R is constructed by
induction. Ol

C.8. Let Abe a DG category. A DG A-module is said to be free if it is isomorphic to a
direct sum of complexes of the form hx[nl, X € A, n € Z. The notion of semi-free DG A-
module is quite similar to that of semi-free module over a DG algebra (see Definition B.1):
an A-module @ is said to be semi-free if it can be represented as the union of an increasing
sequence of DG submodules @;,i =0, 1, ..., so that @y = 0 and each quotient @; /®;
is free. Clearly, a semi-free DG .A-module is homotopically flat. For every DG .A-module
®; there is a quasi-isomorphism F — @ such that F is a semi-free DG .A-module; this
is proved just as in the case that .4 has a single object (see Lemma B.3). Just as in
Remarks B.2, one shows that a semi-free DG .4-module is homotopically projective (i.e.,
the complex Hom(F, N) is acyclic for every acyclic DG .A-module N) and that the functor
from the homotopy category of semi-free DG .A-modules to the derived category D(.A°)
of .A-modules is an equivalence.



HamissiljibHl MOVl TOMOTOIIYHO I1JIACK]
LY.

Proposition
A semi-free A-module F is homotopy flat.

Hosenenns. Let {F;} be a filtration on F. Since the exact
sequence 0 - F;_1 - F;, > P =0 (P = Dijeshy, [nj]) is
semisplit, the sequence

0=>Ge4Fi1 >GRIUF;, > GR4P =0

is semisplit as well.

= It is an exact sequence of complexes of k-modules.

= From the associated long sequence of cohomology groups one
concludes:

(G ®4Fi—1 and G ®4 P are acyclic = G ® 4 F; is acyclic).

= G ®4 F is acyclic by induction. Ol
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