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Ïðèêëàä

category with A(1, 1) = k, A(1, 2) = kf, A(2, 1) = kg,
A0(2, 2) = k such that f · g = 1, g · f = 1.
Kontsevich's category

K = is quasi-isomorphic to A via q3

A0
⊂ h0→ A1

⊂ h1→ A2
⊂ h2→ A3 ==== K

A

q2↓↓ q3
�

q1

�q0 →

A0(1, 1) = k, A0(1, 2) = 0, A0(2, 1) = 0, A0(2, 2) = k.
A1 = A0〈f, g〉, A2 = A1〈r1, r2〉, A3 = A2〈r12〉 = K.
q3(r1, r2, r12) = 0, q3(f) = f, q3(g) = g.



Ïðèïóñòèìî, ùî α : M→ N ∈ dg. Ïîçíà÷èìî ÷åðåç
Coneα = (M[1]⊕N, dCone) ∈ Ob dg ãðàäóéîâàíèé k-ìîäóëü ç
äèôåðåíöiàëîì

dCone =
(
dM[1] σ−1α
0 dN

)
=
(
−σ−1dMσ σ−1α

0 dN

)
.

Íàñòóïíèé ðåçóëüòàò óçàãàëüíþ¹ òåîðåìó Õiíi÷à.

Theorem
Ïðèïóñòèìî, ùî S - öå ìíîæèíà, êàòåãîðiÿ C ¹ ïîâíîþ i
êîïîâíîþ i F : dgS � C : U ¹ ñïðÿæåííÿì. Ïðèïóñòèìî, ùî U
çáåðiãà¹ ôiëüòðóþ÷i êîãðàíèöi. Äëÿ áóäü-ÿêîãî x ∈ S
ðîçãëÿíåìî îá'¹êò Kx ç dgS, Kx(x) = Cone(idk), Kx(y) = 0 äëÿ
y 6= x. Ïðèïóñòèìî, ùî ëàíöþãîâå âiäîáðàæåííÿ
U(in2) : UA→ U(F(Kx[p]) tA) - êâàçiiçîìîðôiçì äëÿ âñiõ
îá'¹êòiâ A ç C i âñiõ x ∈ S, p ∈ Z. Îñíàñòèìî C êëàñàìè
ñëàáêèõ åêâiâàëåíòiâ (âiäïîâiäíî ôiáðàöié), ùî ñêëàäàþòüñÿ
ç ìîðôiçìiâ f ç C òàêèõ ùî Uf - êâàçiiçîìîðôiçì (âiäïîâiäíî
åïiìîðôiçì). Òîäi êàòåãîðiÿ C - ìîäåëüíà êàòåãîðiÿ.



Çàñòîñóâàííÿ òåîðåìè Õiíi÷à
E = set, S = E2, C = subcategory of dg Cat,
Ob C = {A ∈ Ob dg Cat | ObA = E}
C(A,B) = {F : A → B ∈ Mor dg Cat | ObF = idE}
Let G : D → C, d 7→ Gd. Then ∃ limG
(limG)(X,Y) = lim

(
D 3 d 7→ (Gd)(X,Y)

)
, ∀X,Y ∈ E,

the last diagram is D → dg. Thus C is complete.
Let Gi ∈ Ob C for i ∈ I. Then ∃

⊔
i∈IGi = free product of Gi,

the complex (
⊔
i∈IGi)(X,Y) is a quotient of complex

⊕
n∈N

⊕
j∈In

X0=X,Xn=Y⊕
(Xi)n−1i=1 ∈En−1

Gj1(X0,X1)⊗Gj2(X1,X2)⊗· · ·⊗Gjn(Xn−1,Xn)

cokernel of a chain map re�ecting composition, if j1 = j2, or
j2 = j3, or . . . , or inserting-deleting the unit, if X0 = X1, or
X1 = X2, or . . . .

⊔
i∈IGi � the category of paths generated by⊕

i∈IGi.
∃ colim(G : D → C) � the quotient of

⊔
i∈ObDGi.

Thus C is cocomplete.



The free dg-category functor F : dgE2 → C, Q 7→ FQ,

FQ(X,Y) =
⊕
n∈N

X0=X,Xn=Y⊕
(Xi)n−1i=1 ∈En−1

Q(X0,X1)⊗Q(X1,X2)⊗· · ·⊗Q(Xn−1,Xn)

is left adjoint to the underlying functor dgE2 ← C : U, (cf. [Mac
Lane])

C(FQ,A) ∼= dgE2(Q,UA).

For A = FQ the element 1FQ ↔ adjunction unit η : Q→ UFQ;
the counit (ε : FUA → A)↔ 1UA for Q = UA.
U preserves �ltering colimits. A category J is �ltered when

I it is not empty,

I for every two objects j and j′ in J there exists an object k
and two arrows f : j→ k and f ′ : j′ → k in J,

I for every two parallel arrows u, v : i→ j in J, there exists an
object k and an arrow w : j→ k such that wu = wv.

A �ltered colimit is a colimit of a functor F : J→ C where J is a
�ltered category.



The quiver Kx[p] is contractible, x = (X′,Y′). ⇒ Any Kx[p]⊗M
is contractible. ⇒ For Q = Kx[p] the free non-unital dg-category

F+Q(X,Y) =
n>0⊕
n∈N

X0=X,Xn=Y⊕
(Xi)n−1i=1 ∈En−1

Q(X0,X1)⊗Q(X1,X2)⊗ · · · ⊗Q(Xn−1,Xn)

is contractible. ⇒

(FQ t A)(X,Y) =
n>0⊕
n∈N

X0=X,Xn=Y⊕
(Xi)n−1i=1 ∈En−1

F+Q(X0,X1)⊗A(X1,X2)⊗ F+Q(X2,X3)⊗ . . .

⊕
n>0⊕
n∈N

X0=X,Xn=Y⊕
(Xi)n−1i=1 ∈En−1

A(X0,X1)⊗ F+Q(X1,X2)⊗A(X2,X3)⊗ . . .

retracts to A(X,Y). ⇒ U(in2) : UA → U(FQ t A) - qis



Äîâåäåííÿ òåîðåìè Õiíi÷à
Óìîâè òåîðåìè ìè çàðàç ïðèïóñêà¹ìî. Ç äîâåäåííÿ âèïëèâà¹
òåîðåìà Õiíi÷à [1, Section 2.2] iäåîëîãi÷íî, àëå íå â äåòàëÿõ.
Êîíñòðóêöi¨, âèêîðèñòàíi ó äîâåäåííi, îïèñóþòü êîôiáðàöi¨
òà òðèâiàëüíi êîôiáðàöi¨ â C.
Ïîçíà÷èìî ôóíêòîð U òàêîæ ÿê −#, UX = X# äëÿ X ∈ Ob C
àáî X ∈ Mor C. Íåõàé ε : FUA→ A ¹ êîîäèíèöåþ ñïðÿæåííÿ
òà íåõàé η : M→ UFM ¹ îäèíèöåþ ñïðÿæåííÿ. Ái¹êöiÿ
ñïðÿæåííÿ çàäà¹òüñÿ âçà¹ìíî îáåðíåíèìè âiäîáðàæåííÿìè

(l : FM→ A) → lt =
(
M

η−→ (FM)# l#−→ A#),
tx =

(
FM

Fx−→ F(A#) ε−→ A
)
← (x : M→ A#).

Îçíà÷èìî òðè êëàñè ìîðôiçìiâ ó C:
W = {f ∈ Mor C | ∀ x ∈ S f#(x) - êâàçiiçîìîðôiçì},
Rf = {f ∈ Mor C | ∀ x ∈ S ∀ z ∈ Z f#(x)z ¹ ñþð'¹êòèâíèì},
Lc = �Rtf ñêëàäà¹òüñÿ ç âiäîáðàæåíü f ∈ Mor C ç âëàñòèâiñòþ

ëiâîãî ïiäéîìà ñòîñîâíî âñiõ ìîðôiçìiâ ç Rtf =W ∩Rf .



Ìè äîâåäåìî, ùî âîíè ¹ ñëàáêèìè åêâiâàëåíòíîñòÿìè,
ôiáðàöiÿìè òà êîôiáðàöiÿìè ìîäåëüíî¨ ñòðóêòóðè íà C.

Íåõàé M ∈ Ob dgS, A ∈ Ob C, α : M→ A# ∈ dgS. Ïîçíà÷èìî
÷åðåç C = Coneα = (M[1]⊕UA, dCone) ∈ Ob dgS êîíóñ, âçÿòèé
òî÷êîâî, òîáòî äëÿ áóäü-ÿêîãî x ∈ S êîìïëåêñ
C(x) = Cone

(
α(x) : M(x)→ (UA)(x)

)
- çâè÷àéíèé êîíóñ.

Ïîçíà÷èìî ÷åðåç ı̄ = in2 : UA→ C î÷åâèäíå âêëàäåííÿ.
Óñëiä Õiíi÷ó [1, Section 2.2.2] îçíà÷èìî îá'¹êò A〈M, α〉 ∈ Ob C
ÿê âèøòîâõóâàííÿ

FU(A) ε → A

FC

Fı̄
↓

g → A〈M, α〉

̄↓



Ââåäåìî ôóíêòîð hA,α : C → Set:

hA,α(B) =
{

(f, t) ∈ C(A,B)× dgS(M,B#)−1 |

(t)d ≡ tdB# + dMt =
(
M

α−→ A# f#
−→ B#)}.

Lemma
Îá'¹êò D = A〈M, α〉 i åëåìåíò (̄, θ) ∈ hA,α(D) ïðåäñòàâëÿþòü
ôóíêòîð hA,α, äå

θ =
(
M

σ−→ M[1] in1→ C
η−→ UFC

Ug−−→ UD
)
.

Òîáòî ïðèðîäíå ïî B ïåðåòâîðåííÿ ψB : C(D,B)→ hA,α(B),
1D 7→ (̄, θ), ¹ ái¹êòèâíèì.

Corollary

Âiäîáðàæåííÿ
(
M

α−→ A# ̄#−→ A〈M, α〉#
)

= (θ)d ãîìîòîïíå
íóëþ. ßêùî dM = 0, òî äëÿ áóäü-ÿêîãî öèêëó m ∈ ZM öèêë
mα ∈ ZA# ïåðåâîäèòüñÿ âiäîáðàæåííÿì ̄# äî ìåæi åëåìåíòà
mθ ∈ A〈M, α〉#.



Òàêèì ÷èíîì, êîëè F : dgS → C ¹ ôóíêòîðîì ïîáóäîâè
âiëüíî¨ dg-êàòåãîði¨, âiäîáðàæåííÿ ̄ iíòåðïðåòóþòüñÿ ÿê
�äîäàâàííÿ çìiííèõ äëÿ çíèùåííÿ öèêëiâ�.

Íàñòóïíå òâåðäæåííÿ äîáðå âiäîìå.



Lemma
Ïðèïóñòèìî, ùî g : U→ V ∈ dg - ñþð`¹êòèâíèé
êâàçiiçîìîðôiçì. Òîäi äëÿ áóäü-ÿêî¨ ïàðè (u, v), u ∈ Un+1,
v ∈ Vn, òàêî¨, ùî ud = 0, ug = vd iñíó¹ åëåìåíò w ∈ Un,
òàêèé, ùî wd = u, wg = v.

Äîâåäåííÿ.

Ç ïåðåòâîðåííÿ íà íóëü Hn+1(g)[u] = [gu] = 0 âèïëèâà¹
ïåðåòâîðåííÿ íà íóëü êëàñó êîãîìîëîãié [u] = 0. Iñíó¹
y ∈ Un, òàêèé ùî yd = u. Ïîçíà÷èìî c = yg ∈ Vn, òîäi

cd = ygd = ydg = ug = vd.

Îòæå, c− v ¹ öèêëîì, i iñíó¹ öèêë z ∈ ZnU, òàêèé, ùî
[zg] = [c− v]. Iñíó¹ e ∈ Vn−1, òàêèé, ùî zg = c− v + ed.
Åëåìåíò e ïiäiéìà¹òüñÿ äî x ∈ Un−1, òàêîãî, ùî xg = e.
Òàêèì ÷èíîì,

yg = c = zg − xgd + v = (z− xd)g + v.

Òîìó w = y − z + xd çàäîâîëüíÿ¹ wg = v i wd = u.



Ìè ãîâîðèìî, ùî M ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, ÿêùî
äëÿ áóäü-ÿêîãî x ∈ S ãðàäóéîâàíèé k-ìîäóëü M(x) âiëüíèé -
içîìîðôíèé ⊕a∈ZPak[a] äëÿ äåÿêî¨ ãðàäóéîâàíî¨ ìíîæèíè P i
dM = 0.

Proposition

Íåõàé M ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, dM = 0, A ∈ Ob C i
α : M→ A# ∈ dgS. Òîäi ̄ : A→ A〈M, α〉 ∈ Lc.
Äîâåäåííÿ. Íåõàé îáðàç y# ìîðôiçìà y : U→ V ∈ C ¹
åïiìîðôiçìîì i êâàçiiçîìîðôiçìîì. Íåõàé u : A→ U ∈ C.
Ìîðôiçìè v : A〈M, α〉 → V, ÿêi ðîáëÿòü êâàäðàò

A
u → U

A〈M, α〉

̄↓
v →

w
→

V

o y

↓↓
(1)

êîìóòàòèâíèì, ïåðåáóâàþòü â ái¹êöi¨ ç åëåìåíòàìè

(A u−→ U
y−→ V,M

t−→ V#) ∈ hA,α(V). Òàêèì ÷èíîì,

(t)d = dMt + tdV# =
(
M

α−→ A# u#
−−→ U# y#

−→ V#).



Äëÿ äåÿêî¨ ãðàäóéîâàíî¨ ìíîæèíè P = (Pa(s) | a ∈ Z, s ∈ S),
Pa(s) ∈ Set, ìà¹ìî M = Pk =

(
⊕a∈ZPa(s)k[a]

)
s∈S. Ïîçíà÷èìî

îáðàíó áàçó M ÷åðåç (ep)p∈P•(•), deg ep = deg p.
Äëÿ äîâiëüíîãî p ∈ Pa(s) ïîçíà÷èìî n = a− 1. Ìà¹ìî öèêë
epαu

# ∈ Zn+1(U#) i åëåìåíò ept ∈ (V#)n, òàêèé, ùî
(epαu#)y# = (ept)dV# . Çàâäÿêè ëåìi 4 iñíó¹ åëåìåíò,
ïîçíà÷åíèé (epr) ∈ (U#)n, òàêèé, ùî epαu# = (epr)dU# i
ept = (epr)y#. Îáèðàþ÷è òàêèé epr äëÿ óñiõ p ∈ P•(•), ìè
îòðèìó¹ìî âiäîáðàæåííÿ r ∈ dgS(M,U#)−1, òàêå, ùî
êîìóòóþòü òðèêóòíèêè

A# u#
→ U#

M

α

↑
(r)d

→
,

U#

M
t →

r
→

V#

y#
↓ .

Òàêèì ÷èíîì, ïàðà (u : A→ U, r : M→ U#) ∈ hA,α(U)
âèçíà÷à¹ ìîðôiçì w : A〈M, α〉 → U ∈ C çà ëåìîþ 2.
Âièêîíàíà ðiâíiñòü

u =
(
A

̄−→ A〈M, α〉 w−→ U
)
.



Ïðèðîäíiñòü ái¹êöi¨ ψ,

hA,α(U) ψU

∼
→ C(A〈M, α〉,U)

=

hA,α(V)

hA,α(U)↓
ψV

∼
→ C(A〈M, α〉,V)

C(1,y)↓

çàñòîñîâó¹òüñÿ äî ïàðè (u, r) i äà¹

(u : A→ U, r : M→ U#) → w

=

(uy : A→ V, ry# : M→ V#) = (̄v, t)

(−·y,−·y#)↓
→ v = wy.

−·y
↓

Öå äà¹ ùå îäíå ðiâíÿííÿ

v =
(
A〈M, α〉 w−→ U

y−→ V
)

i w - øóêàíèé äiàãîíàëüíèé íàïîâíþâà÷ äëÿ (1).



ßêùî M ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, (i dM = 0), òî
̄ : A→ A〈M, α〉 ¹ êîôiáðàöi¹þ. Âîíà ìîæå áóòè íàçâàíà
åëåìåíòàðíîþ ñòàíäàðòíîþ êîôiáðàöi¹þ. ßêùî

A→ A1 → A2 → · · ·

¹ ïîñëiäîâíiñòþ åëåìåíòàðíèõ ñòàíäàðòíèõ êîôiáðàöié, B -
öå êîãðàíèöÿ öi¹¨ äiàãðàìè, òî âiäîáðàæåííÿ �íåñêií÷åííî¨
êîìïîçèöi¨� A→ B ¹ êîôiáðàöi¹þ, ùî íàçèâà¹òüñÿ
ñòàíäàðòíîþ êîôiáðàöi¹þ [1, Section 2.2.3].

Lemma
Íåõàé α ∼ α′ : M→ A#. Òîäi ¹ ïðèðîäíà ïî B ái¹êöiÿ
hA,α(B) ' hA,α′(B). Îòæå, âèíèêà¹ içîìîðôiçì k
ïðåäñòàâëÿþ÷èõ îá'¹êòiâ, ùî ¹ îñòàííüîþ ñòðiëêîþ â
ðiâíÿííi, ÿêå âèêîíàíî â C:

̄′ =
(
A

̄−→ A〈M, α〉 k−→∼= A〈M, α′〉
)
.



Proposition

Íåõàé N = Pk ∈ dgS ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, dN = 0
òà M = Cone 1N[−1] = (N⊕N[−1], dCone). Òîäi äëÿ áóäü-ÿêîãî

ìîðôiçìà α : M→ UA ∈ dgS ìîðôiçì ̄ : A→ A〈M, α〉 - öå
ñòàíäàðòíà êîôiáðàöiÿ, êîìïîçèöiÿ äâîõ åëåìåíòàðíèõ
ñòàíäàðòíèõ êîôiáðàöié.



Proposition

Íåõàé r : A→ Y ∈ C. Ïîçíà÷èìî ÷åðåç

N = ZCone(r#[−1] : A#[−1]→ Y#[−1])
=
{

(u, yσ−1) ∈ A# ×Y#[−1] | ud = 0, ur# − ydY# = 0
}

äèôåðåíöiàëüíî ãðàäóéîâàíèé k-ïiäìîäóëü öèêëiâ êîìïëåêñà
Cone(r#[−1]), dN = 0.
Ïîçíà÷èìî ÷åðåç pr1 : N→ A# ∈ dgS (âiäï.
pr2 : N→ Y#[−1] ∈ grS) âiäîáðàæåííÿ (u, yσ−1) 7→ u (âiäï.
(u, yσ−1) 7→ yσ−1). Ïîçíà÷èìî D = A〈N, pr1〉. Òîäi(

r : A→ Y, t = (N pr2→ Y#[−1] σ−→ Y#)
)

¹ åëåìåíòîì hA,pr1(Y).
Âiäïîâiäíèé ìîðôiçì q : D→ Y çàäîâîëüíÿ¹

r =
(
A

̄−→ A〈N, pr1〉
q−→ Y

)
.



Êîìïîçèöiÿ

β =
〈
N ↪→ Cone(r#[−1]) Cone(̄#[−1],1)→ Cone(q#[−1])

〉
,

Cone(̄#[−1], 1) =
(̄# 0
0 1

)
,

ãîìîòîïíà íóëþ, β = (θ, 0).d = (θ, 0) · dCone(q#[−1]), òàêèì

÷èíîì, âñi öèêëè Cone(r#[−1]) ïåðåâîäÿòüñÿ
Cone(̄#[−1], 1Y#[−1]) äî ìåæ â Cone(q#[−1]).



Äîâåäåííÿ òâåðäæåííÿ 3

Ïîêàæåìî, ùî (r, t) ∈ hA,pr1(Y). Ñïðàâäi, äiàãðàìà

N
pr2→ Y#[−1] σ → Y#

A#

pr1↓
r#

→ Y#

d
Y#↓

êîìóòó¹, ÿê ïîêàçó¹ îá÷èñëåííÿ

(u, yσ−1) → yσ−1 → y

u
↓

→ ur# ======== ydY#

↓

Âiäïîâiäíèé ìîðôiçì q : D→ Y çàäîâîëüíÿ¹

(r, t) =
(
̄ · q,N θ−→ D# q#

−→ Y#).



Ìîæíà ëåãêî ïåðåâiðèòè, ùî êîíóñè ïîâ'ÿçàíi ëàíöþãîâèì
âiäîáðàæåííÿì

Cone(̄#[−1], 1Y#[−1]) =
(̄# 0
0 1Y#[−1]

)
:

Cone((̄#q#)[−1])→ Cone(q#[−1]).

Êîìïîçèöiÿ β ïåðåâîäèòü (u, yσ−1) ∈ N äî
(u̄#, yσ−1) ∈ Cone(q#[−1]). Îñêiëüêè dN = 0, âiäîáðàæåííÿ

(θ, 0).d = (θ, 0)
(dD# q#σ−1

0 dY#[−1]

)
= (pr1 ·̄#, θq#σ−1)

= (pr1 ·̄#, tσ−1) = (pr1 ·̄#, pr2)

ïåðåâîäèòü (u, yσ−1) äî òîãî æ (u̄#, yσ−1), ùî é β.

Ïðèïóñòèìî, ùî äîòðèìàíi óìîâè òåîðåìè 1.



Proposition

Íåõàé N = Pk ∈ dgS ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, dN = 0
òà M = Cone 1N[−1]. Òîäi äëÿ âñiõ α : M→ A# ∈ dgS ìîðôiçì
̄ : A→ A〈M, α〉 íàëåæèòü W.

Äîâåäåííÿ. Êîìïëåêñ M ¹ ñòÿãóâàíèì, îòæå, äîñèòü
ïðèïóñòèòè, ùî α = 0. Ðîçãëÿíåìî ñïðÿìîâàíó ìíîæèíó
ñêií÷åííèõ ãðàäóéîâàíèõ ïiäìíîæèí Q ⊂ P (òîáòî ìíîæèíà⊔x∈S
c∈ZQ

c(x) ¹ ñêií÷åííîþ). Ìè ìà¹ìî

M[1] = PK[1] =
x∈S⊕
c∈Z

Pc(x)Kx[c + 1] = colimQ⊂P

q∈Qc(x)∐
x∈S, c∈Z

Kx[c + 1],

̄# = in#
2 =

〈
A# → (F(M[1])

∐
A)#〉

=
〈
A# →

(
colimQ⊂P

(q∈Qc(x)∐
x∈S, c∈Z

F(Kx[c + 1])
)∐

A
)#〉

=
〈
A# → colimQ⊂P

((q∈Qc(x)∐
x∈S, c∈Z

F(Kx[c + 1])
)∐

A
)#〉

.



Äëÿ áóäü-ÿêîãî ñêií÷åííîãî Q âiäîáðàæåííÿ

in#
2 : A# →

((∐q∈Qc(x)
x∈S, c∈Z F(Kx[c + 1])

)∐
A
)#

ÿâëÿ¹ ñîáîþ
êâàçiiçîìîðôiçì ÿê ñêií÷åííà êîìïîçèöiÿ êâàçiiçîìîðôiçìiâ.
Òàêèì ÷èíîì, éîãî êîíóñ ¹ àöèêëi÷íèì. Òîìó êîíóñ

Cone
〈
̄# : A# → colimQ⊂P

((q∈Qc(x)∐
x∈S, c∈Z

F(Kx[c + 1])
)∐

A
)#〉

' colimQ⊂P Cone
〈
A# →

((q∈Qc(x)∐
x∈S, c∈Z

F(Kx[c + 1])
)∐

A
)#〉

¹ àöèêëi÷íèì i ̄# - êâàçiiçîìîðôiçì.
Ïiäñóìîâóþ÷è òâåðäæåííÿ 2 òà 4, ïðèïóñòèìî, ùî
N ∈ Ob dgS ñêëàäà¹òüñÿ ç âiëüíèõ k-ìîäóëiâ, dN = 0 òà
M = Cone 1N[−1] = (N⊕N[−1], dCone). Òîäi äëÿ áóäü-ÿêîãî

ìîðôiçìà α : M→ UA ∈ dgS ìîðôiçì ̄ : A→ A〈M, α〉 -
òðèâiàëüíà êîôiáðàöiÿ â C i ñòàíäàðòíà êîôiáðàöiÿ,
êîìïîçèöiÿ äâîõ åëåìåíòàðíèõ ñòàíäàðòíèõ êîôiáðàöié. Âií
íàçèâà¹òüñÿ ñòàíäàðòíà òðèâiàëüíà êîôiáðàöiÿ.



Äîâåäåííÿ òåîðåìè 1. Ôóíêòîðiàëüíà ôàêòîðèçàöiÿ íà

òðèâiàëüíó êîôiáðàöiþ òà ôiáðàöiþ
Íåõàé f : X→ Y ∈ C. Ïîçíà÷èìî N = Y#k,
M[1] = Cone 1N[−1] = (N⊕N[−1], dCone) ' Y#K[−1]. k-ëiíiéíå
âiäîáðàæåííÿ N→ Y#, ey 7→ y, ñòåïåíÿ 0 ¹äèíèì ÷èíîì
ïîøèðþ¹òüñÿ äî ïîñòåïåíåâî¨ ñþð`¹êöi¨
πtY : M[1]→ Y# ∈ dgS, ùî âèçíà÷à¹ ìîðôiçì
πY : F(M[1])→ Y ∈ C. Ïî¹äíóþ÷è éîãî ç ïîïåðåäíiì, ìè
îòðèìó¹ìî ìîðôiçì πY ∪ f : F(M[1])

∐
X→ Y ∈ C.

Îñêiëüêè πtY =
〈
M[1] η−→ (F(M[1]))# π#

Y−−→ Y#〉 - öå ñþð`¹êöiÿ,
âiäîáðàæåííÿ

π#
Y =

〈
(F(M[1]))# in#

1→ (F(M[1])
∐
X)# (πY∪f)#

→ Y#〉 òàêîæ ¹
ñþð`¹êöi¹þ. Òîìó (πY ∪ f)# ¹ ñþð`¹êöi¹þ i πY ∪ f ∈ Rf .
Ðîçêëàä

f =
(
X

̄−→ X〈M, 0〉 = F(M[1])
∐
X

(πY∪f)#
→ Y

)
íà òðèâiàëüíó êîôiáðàöiþ i ôiáðàöiþ ôóíêòîðiàëüíèé ïî f.



Ôóíêòîðiàëüíà ôàêòîðèçàöiÿ íà êîôiáðàöiþ òà

òðèâiàëüíó ôiáðàöiþ
Ïîáóäó¹ìî iíäóêòèâíî íàñòóïíó äiàãðàìó â C

X ==== D0
h0→ D1

h1→ D2
h2→ . . .

. . .

Y

q2↓
q1

→f=q0 →
(2)

òàê ùîá âñi hi áóëè êîôiáðàöiÿìè.
Äëÿ äàíîãî qn ç n ≥ 0 ïîçíà÷èìî

Nn = ZCone(q#
n [−1] : D#

n [−1]→ Y#[−1])
=
{

(u, yσ−1) ∈ D#
n ×Y#[−1] | ud = 0, uq#

n − ydY# = 0
}

ÿê ó òâåðäæåííi 3. Áóäó÷è ïiäìíîæèíîþ öèêëiâ, Nn ¹
ãðàäóéîâàíèì k-ïiäìîäóëåì ç dNn = 0. Ðîçãëÿäàþ÷è Nn ÿê
ãðàäóéîâàíó ìíîæèíó, ââåäåìî ãðàäóéîâàíèé k-ìîäóëü
Mn = Nnk, dMn

= 0, ç ïðîåêöi¹þ pn : Mn . Nn ∈ dgS,
ev 7→ v äëÿ óñiõ v ∈ N•n(•).



Ïîçíà÷èìî αn =
(
Mn

pn−→ Nn
pr1→ D#

n

)
∈ dgS. Âèáåðåìî

Dn+1 = Dn〈Mn, αn〉, òîäi hn = Dn〈0〉 : Dn → Dn+1 ¹
êîôiáðàöi¹þ. Ç òâåðäæåííÿ 3 âèïëèâà¹, ùî

(qn : Dn → Y, tn =
(
Mn

pn−→ Nn
pr2→ Y#[−1] σ−→ Y#) ¹

åëåìåíòîì hDn,αn(Y).
Ìîðôiçì qn+1 : Dn+1 = Dn〈Mn, αn〉 → Y ∈ C âiäïîâiäà¹ ïàði
(qn, tn), òàêié, ùî qn =

(
Dn

hn−→ Dn+1
qn+1→ Y

)
â C, ùî äà¹

íåîáõiäíó äiàãðàìó.
Äîâåäåìî ùî q#

2 : D#
2 → Y# ¹ ñþð'¹êòèâíèì ó âñiõ ñòåïåíÿõ.

Íåõàé y ∈ Y#•(•). Òîäi (0, ydσ−1) ∈ N0, e(0,ydσ−1) ∈ M0,

e(0,ydσ−1)θ0 ∈ D
#
1 . Ç ðiâíÿííÿ

θ0q
#
1 = t0 = p0 · pr2 ·σ : M0 → Y# âèïëèâà¹, ùî

e(0,ydσ−1)θ0q
#
1 − ydY# = (0, ydσ−1) pr2 σ − yd = 0.

Êðiì òîãî,

e(0,ydσ−1)θ0dD#
1

= e(0,ydσ−1).(θ)d = e(0,ydσ−1)α0ı̄0ηg
#
0

= (0, ydσ−1) pr1 α0ı̄0ηg
#
0 = 0.



Òàêèì ÷èíîì, (e(0,ydσ−1)θ0, yσ
−1) ∈ N1. Òîìó âiäîáðàæåííÿ

pr2 ·σ : N1 → Y# ¹ ñþð'¹êòèâíèì â êîæíîìó ñòåïåíi. Îòæå,

âiäîáðàæåííÿ t1 =
(
M1

p1
. N1

pr2→ Y#[−1] σ−→ Y#) òàêîæ ¹

ñþð'¹êòèâíèì. Îñêiëüêè t1 =
(
M1

θ1−→ D#
2

q
#
2−→ Y#), ç öüîãî

âèïëèâà¹, ùî q#
2 ¹ ñþð'¹êòèâíèì â êîæíîìó ñòåïåíi. Îòæå

q#
n : D#

n → Y# ¹ ñþð'¹êòèâíèì äëÿ âñiõ n ≥ 2 òà iíäóêîâàíå
âiäîáðàæåííÿ q# : D# → Y# ¹ ñþð'¹êòèâíèì òàêîæ, äå

q = colimn∈N qn : D = colimn∈NDn → Y.

Äiàãðàìà (2) òàêîæ iíäóêó¹ äiàãðàìó êîíóñiâ

Cone q#
0

Cone(h#
0
,1)
→ Cone q#

1 → · · · → Cone q# = colimn∈N Cone q#
n .

Ç òâåðäæåííÿ 3 âèïëèâà¹, ùî ïiäìîäóëü öèêëiâ ZCone q#
n

ïåðåâîäèòüñÿ âiäîáðàæåííÿì Cone(h#
n , 1) äî ïiäìîäóëÿ ìåæ

BCone q#
n+1. Òàêèì ÷èíîì, êîãðàíèöÿ êîíóñiâ Cone q# ¹

àöèêëi÷íîþ. Òîìó q# - êâàçiiçîìîðôiçì.
Ìè ðîçêëàëè ìîðôiçì f ∈ C â ñòàíäàðòíó êîôiáðàöiþ i i

òðèâiàëüíó ôiáðàöiþ q: f =
(
X

i−→ D
q−→ Y

)
.
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