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V -êàòåãîði¨

V = dg, ×=⊗=⊗k, ∗= 1= k.





dg-çáàãà÷åííÿ

Êàòåãîðiÿ dg � çàìêíåíà ⇒ äîïóñêà¹ çáàãà÷åííÿ â ñîái.
∀X ,Y ∈ dg dg(X ,Y ) = dgl(X ,Y ) ∈ dg;
Ç àêñiîìè äëÿ evl ⇒ iñíó¹ ìíîæåííÿ ◦ ∈ dg, àñîöiàòèâíå i
óíiòàëüíå.



dg-êàòåãîði¨



V -ôóíêòîðè



dg-åêâiâàëåíòíîñòi



Åêâiâàëåíòíîñòi

De�nition

A DG functor between DG categories F : A →B �
åêâiâàëåíòíiñòü = A∞-åêâiâàëåíòíiñòü, ÿêùî

I ∀X ,Y ∈ ObA ëàíöþãîâå âiäîáðàæåííÿ
FX ,Y : A (X ,Y )→B(XF ,YF ) ãîìîòîïi÷íî îáîðîòíå,
òîáòî, [FX ,Y ] ∈ H0dg(A (X ,Y ),B(XF ,YF )) � içîìîðôiçì,

I Ho(F ) is essentially surjective on objects, òîáòî, ∀U ∈ObB
∃V ∈ ObA ∃ içîìîðôiçì r ∈ H0B(U,VF ).



Åíä

The integral, called an end, is the limit of a particular diagram
constructed from a functor that is both covariant and
contravariant in C . Given H : C op×C → E , the end

∫
C H is an

object of E equipped with arrows
∫
C H → H(c,c) for each c ∈ C

that are collectively universal with the property that the
diagram ∫

C
H → H(c ′,c ′)

H(c,c)
↓

H(c,f )→ H(c,c ′)

H(f ,c ′)↓

commutes for each f : c → c ′ in C .
Equivalently,

∫
C H is the equalizer of the diagram∫

C
H → ∏

c∈ObC

H(c,c) →→ ∏
f ∈MorC

H(domf ,codf ).





Ïåðåòâîðåííÿ

φ(A) φ(f )→ φ(B) t = {t(A) | A ∈ ObA }

(−1)tf t(A) ∈B(φ(A),ψ(A))k

ψ(A)

t(A)↓
ψ(f )→ ψ(B)

t(B)↓
∀f ∈A (A,B)s



Âåðõíÿ ñòðiëêà â (7.3.3) � öå

∏
d

M (Fd ,Gd) prd→M (Fd ,Gd)→ V l(D(d ,d ′),M (Fd ,Gd ′)),

äå îñòàííié ìîðôiçì ïðèõîäèòü ç ïàðóâàííÿ

M (Fd ,Gd)⊗D(d ,d ′) 1⊗G→M (Fd ,Gd)⊗M (Gd ,Gd ′) ·−→M (Fd ,Gd ′).



Íèæíÿ ñòðiëêà â (7.3.3) � öå

∏
d

M (Fd ,Gd) prd ′→M (Fd ′,Gd ′)→ V l(D(d ,d ′),M (Fd ,Gd ′)),

äå îñòàííié ìîðôiçì ïðèõîäèòü ç êîìïîçèöi¨

M (Fd ′,Gd ′)⊗D(d ,d ′) →M (Fd ,Gd ′)

D(d ,d ′)⊗M (Fd ′,Gd ′)

c↓
F⊗1→

→

M (Fd ,Fd ′)⊗M (Fd ′,Gd ′)

·
↑

òîäi ÿê äiàãîíàëüíié ñòðiëöi âiäïîâiäàëî á

M (Fd ′,Gd ′)→ V r (D(d ,d ′),M (Fd ,Gd ′)).



dg-ìîäóëi íàä dg-êàòåãîði¹þ



dg-êàòåãîði¨ ç ôîðìàëüíèì çñóâîì



Àëãåáðà â êàòåãîði¨ dg-êàòåãîðié
The category of di�erential graded categories dg -C at equipped
with the tensor product � is a symmetric monoidal category.
Let us study an algebra in this category, which will be used to
de�ne the functor of shifts. Let Z be a di�erential graded
quiver with ObZ = Z, Z (m,n) = k[n−m] and zero di�erential.
Consider an arbitrary k-linear graded category structure of Z
given by isomorphisms

µ
′ = φ

′(l ,m,n) : Z (l ,m)⊗k Z (m,n)
= k[m− l ]⊗k[n−m]→ k[n− l ] = Z (l ,n),

1sm−l ⊗1sn−m 7→ φ
′(l ,m,n)sn−l .

It is speci�ed by a function φ ′ : Z3→ k× with values in the
multiplicative group k×. The associativity of composition

(1⊗µ
′)µ
′ = (µ

′⊗1)µ
′ : Z (k, l)⊗Z (l ,m)⊗Z (m,n)→Z (k,n)

implies that φ ′ is a cycle:

φ
′(l ,m,n) ·φ ′(k, l ,n) = φ

′(k, l ,m) ·φ ′(k,m,n).



An arbitrary such cycle φ ′ is a boundary

φ
′(l ,m,n) = ξ (l ,m) ·ξ (m,n) ·ξ (l ,n)−1 (1)

of a function ξ : Z2→ k×, namely, ξ (l ,m) = φ ′(0, l ,m).
The graded quiver automorphism ξ : Z →Z , n 7→ n,
ξ (m,n) : Z (m,n)→Z (m,n) equips Z with another
(isomorphic) category structure (Z ,µ) with φ(l ,m,n) = 1, so
that ξ : (Z ,µ ′)→ (Z ,µ) is a category isomorphism.
In the following we shall consider only composition µ in Z
speci�ed by the function φ(l ,m,n) = 1. The elements
1 ∈ k = Z (n,n) are identity morphisms of Z .
We equip the object Z of (dg -C at,�) with an algebra
structure, given by multiplication � di�erential graded functor

⊗ψ : Z �Z →Z , m×n 7→m +n,
⊗ψ = ψ(n,m,k, l) : (Z �Z )(n×m,k× l)

= Z (n,k)⊗Z (m, l)→Z (n +m,k + l),
1sk−n⊗1s l−m 7→ ψ(n,m,k, l)sk+l−n−m.

We assume that the function ψ : Z4→ k takes values in k×.



Being a functor, ⊗ψ has to satisfy the equation:

ψ(a,b,c,d) ·ψ(c,d ,e, f ) = (−1)(d−b)(e−c)
ψ(a,b,e, f ).

It speci�es the boundary of the 2-cochain ψ : Z4→ k×. Generic
solution to this equation is

ψ(a,b,c,d) = (−1)c(b−d)
χ(a,b) ·χ(c,d)−1 (2)

for some function χ : Z2→ k× (take χ(a,b) = ψ(a,b,0,0)).
Associativity of the algebra (Z ,⊗ψ)

(Z �Z �Z )(a×b× c,d× e× f ) 1�⊗ψ→ (Z �Z )(a× (b + c),d× (e + f ))

=

(Z �Z )((a +b)× c,(d + e)× f )

⊗ψ�1↓
⊗ψ → Z (a +b + c,d + e + f )

⊗ψ↓

is expressed by the equation

ψ(a,b,d ,e) ·ψ(a+b,c,d +e, f ) = ψ(b,c,e, f ) ·ψ(a,b +c,d ,e + f ).



It means that the function ψ : Z2×Z2→ k×,
ψ(a,b,c,d) = ψ(a,c,b,d) is a 2-cocycle on the group Z2. For a
graded category Z with multiplication (1) related to (Z ,µ) via
the category isomorphism ξ : (Z ,µ ′)→ (Z ,µ), n 7→ n,
ξ (m,n) : Z (m,n)→Z (m,n), we would get the 2-cocycle

ψ
′(a,b,c,d) = ξ (a,b) ·ξ (c,d) ·ψ(a,b,c,d) ·ξ (a + c,b +d)−1,

cohomologous to ψ .
Plugging (2) into equation for ψ , we reduce the latter to

χ(a,b) ·χ(a,b + c)−1 ·χ(a +b,c) ·χ(b,c)−1

= χ(d ,e) ·χ(d ,e + f )−1 ·χ(d + e, f ) ·χ(e, f )−1.

The common value of the left and right hand sides does not
depend on the arguments a,b,c,d ,e, f ∈ Z. Setting d = e = f = 0
we �nd that this constant equals 1. Thus, χ : Z2→ k× is a
2-cocycle on the group Z with values in k×. Since Z is a free
group, its cohomology group H2(Z,k×) vanishes.



Therefore, the cocycle χ has the form

χ(a,b) = λ (a) ·λ (b) ·λ (a +b)−1

for some function λ : Z→ k×. The corresponding function
ψ : Z4→ k× is given by the formula

ψλ (a,b,c,d)
= (−1)c(b−d)

λ (a) ·λ (b) ·λ (a +b)−1 ·λ (c)−1 ·λ (d)−1 ·λ (c +d).

Denote the multiplication functor ⊗ψλ
also by ⊗λ . De�ne an

automorphism of the graded category Z as λ : Z →Z , n 7→ n,
λ = λ (m)−1 ·λ (n) : Z (m,n)→Z (m,n). λ : (Z ,⊗1)→ (Z ,⊗λ )
is an algebra isomorphism, where the �rst algebra uses

λ1(a) = 1, ψ1(a,b,c,d) = (−1)c(b−d).

The multiplicative cocycle ψ1 ∈ Z 2(Z2,k×) comes via the
homomorphism Z/2→ k×, a 7→ (−1)a, from the additive cocycle
Z2×Z2→ Z/2, (a,c,b,d) 7→ c(b−d) (mod 2), which represents
the only non-trivial element of the cohomology group
H2(Z2,Z/2) = Z/2 with values in the trivial Z2-module Z/2.



In the following we shall consider only multiplication ⊗Z =⊗1

in Z speci�ed by the function ψ1(a,b,c,d) = (−1)c(b−d).
Clearly, the algebra (Z ,⊗Z ) is unital with the unit
ηZ : 1→Z , ∗ 7→ 0, id : 1(∗,∗) = k→Z (0,0).



Ôóíêòîð çñóâiâ
Given a dg-category A , we produce another one A [ ] = A �Z ,
obtained by adding formal shifts of objects. The set of objects is

ObA [ ] = {X [n] = (X ,n) | X ∈ ObA ,n ∈ Z}= ObA ×Z.

The graded k-module of morphisms is
A [ ](X [n],Y [m]) = A (X ,Y )⊗k[m−n]. We identify it with
A (X ,Y )[m−n]. Given a morphism of dg-categories f : A →B,
we de�ne another one f [ ] = f �1Z : A [ ]→B[ ]. On objects it
acts as Ob f [ ] : X [n] 7→ (Xf )[n]. Commutative diagram

A (X ,Y )[m−n] sn−m
→ A (X ,Y )⊗k 1⊗sm−n

→ A (X ,Y )⊗Z (n,m)

B[ ](Xf ,Yf )[m−n]

f [m−n]
↓

sn−m
→ B(Xf ,Yf )⊗k

f⊗1↓
1⊗sm−n
→ B(Xf ,Yf )⊗Z (n,m)

f⊗1↓

describes the action of −[ ] on morphisms in another
presentation:

f [m−n] = sn−mfsm−n : A (X ,Y )[m−n]→B(Xf ,Yf )[m−n].



dg-êàòåãîði¨ çàìêíåíi âiäíîñíî çñóâiâ

Äèôåðåíöiàë íà A [ ] îá÷èñëþ¹òüñÿ ÿê

d [ ] = (−1)m−nsn−mdsm−n : A [ ](X [n],Y [m]) = A (X ,Y )[m−n]
→A (X ,Y )[m−n] = A [ ](X [n],Y [m]).

Êîìïîçèöiÿ äëÿ A [ ] îá÷èñëþ¹òüñÿ ÿê

m[ ] = (sp−n⊗sk−p)−1msk−n : A [ ](X [n],Y [p])⊗A [ ](Y [p],Z [k]) =
A (X ,Y )[p−n]⊗A (Y ,Z )[k−p]→A (X ,Z )[k−n] = A [ ](X [n],Z [k]).

De�nition

We say that a dg-category C is closed under shifts if every
object X [n] of C [ ] is homotopy isomorphic in C [ ] to some object
Y [0], Y = [X ,n] ∈ ObC .
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