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Bracrusocri K(%€') six TpuanrynboBanoi kareropii

Proposition 1.4.4. The collection of distinguished triangles in K(%) satisfies the
following properties, (TR 0)—(TR 5).

(TR O} A triangle isomorphic to a distinguished triangle is distinguished.

(TR 1) For any X € Ob(K(®)), X -2 X — 0 — X[1] is a distinguished
triangle.

(TR2) Any f:X - Y in K(¥) can be embedded in a distinguished triangle

XL yozox[1l

(TR3) X LyszAh X[1]is adistinguished triangle if and only if Y—2— Z LN
X[1] ) Y[1] is a distinguished triangle.

(TR4) Given two distinguished triangles X Lyszo X[1] and X' Ly o
Z' — X'[1], a commutative diagram

x L Ly —

TV T

X — Y —

can be embedded in a morphism of triangles (not necessarily unique).



(TR 5) (octahedral axiom). Suppose given distinguished triangles:

f

X Y z X[,
y—4 .z X' s Y[1],
x 2l Ly X[1],

then there exists a distinguished triangle

Z'>Y - X' - Z'[1]

such that the following diagram is commutative

x L,y z X[1]
idy 4 idypy,

|

x 2,z Y’ X[1]
! id, } fm

| ]

Y45z — 5 x — v

1
i |



Hosenennst Baacrupocreii K(%') sik Tpuanr. Kareropii
Proof. The properties (TR 0) and (TR 2) are obvious, and (TR 3) follows from
Lemma 1.4.2.

Since the mapping cone of f : 05 Xis X, the triangle 0 — X — X —
O[1]is dlstmgulshed Applying (TR 3) we get (TR 1). Let us prove (TR 4) We may

assume that X % Y~>Z—»X[1] and X' Ly’ 5 2/ 5 x'[1] are X L ¥ 22

M) 2 x11] and X' 25 ¥ 295 M) 2L X'[1], respectively. We shall
construct a morphism w: M(f) — M(f") such that:

{Woa(f) =a(f)ev,
ull] e p(f)=P(f)ow .
By the definition of K(%), there exists s": X" — Y™ ! such that v"o f" —
fm ou" = Sn+1 o d',’( + d',';l o s". We define w": M(f)" — Xn+1 o) YY" M(f’)" —
Xm+1 (‘B Y:n by
un+1 0
o0,

Then a direct calculation shows that w is a morphism of complexes and satisfies
(1.4.4).

W= <55[§]1 3).

idy

(1.4.4)



Let us prove (TR5). We may assume Z' = M(f), X’ = M(g) and Y' =
M(go f). Letusdefineu:Z"—» Y andv: Y’ - X' by:

WIXTTO Y S XTI @ 2" “=(ld§+t ;)

n+1
v":X"“@Z"—»Y"“(—DZ", U":(f 0>'

0 idz.
x Loy 0z Py
idy g u idyy
;( gof Z algof) Y ﬁ(gofL'X[lj
f id, v - |rm
Yy 9, 7 0 . B Yél]
Ot(f)J a(go f) idy- ' a(f)[1]
z , Y X Z[1] .




We define w: X' — Z'[1] as the composite X' — Y[1] - Z'[1]. Then the dia-
gram in (TR 5) is commutative, and it is enough to show that Z' 5 v’ 5 x’' 5
Z'[1] is a distinguished triangle. For that purpose we shall construct an isomor-
phism ¢ : M(u) > X’ and its inverse ¥ : X' > M(u) such that ¢ o a(u) = v and
) oy = w. We have:

M(u)n - M(f)n+l (‘D M(g of)" = Xn+2 @ YnH @ Xn+1 @ "
and X" = M(g)" = Y"*' @ Z". We define ¢ and y by:

0 0
0 idye f"1 0 . |idgmes O
<0 0 0 idl,.)’ =1 o 0

0 idywe

¢ =

Then one checks easily that ¢ and y are morphisms of complexes and ¢ o
a(w) = v, pu) oy = w.

X — Y — 7 —— X[1]
idy g u idyyyy

gof

x 2, 7z sy — X[

1 id, v 111

Y45z — s x — Y[

idy \W

zZ — Y —— X' —— Z'[1].
u



Oxkraejip
We have ¢ o y = idy.. If we define:

idynss

0
n. n n—1 0
s M(u)' > M@u)"™* , "= 0
0

o O O C
o
(=R =R w]

then:
(idM(u) —pog)=s5"o die + d"M‘hla) os".
Hence ¥ o ¢ equals idyy,, in K(¥). O

Remark 1.4.5. Property (TR 5) may be visualized by the following octahedral
diagram:

>

N/_.

/



TpuanrynboBana KaTeropis

Let € be an additive category, together with an automorphism T : % — %.
We write sometimes [1] for T and [k] for T*, (ie. X[1] for T(X), or f[1] for
T(f)).

A triangle in € is a sequence of morphisms

X->Y->Z-TX).

Definition 1.5.1. A triangulated category € consists of the following data and
rules.

(1.5.1) An additive category € together with an automorphism T : € — €,
(1.5.2) a family of triangles, called distinguished triangles.

These data satisfy the axioms (TR 0)—(TR 5) of Proposition 1.4.4 when setting
X[1] = T(X).

Let (%, T) and (¥, T’) be two triangulated categories. We say that an additive
functor F from & to € is a functor of triangulated categories if Fo T ~ T’ o F,
and F sends distinguished triangles of & into distinguished triangles of €".

Clearly, for an additive category %, K(%) is a triangulated category.



KoromoJioriunuit pyHKTOD

% — TpmanrynpoBana Kareropis, o/ = k-mod.

Definition 1.5.2. An additive functor F : € — s is called a cohomological functor
if for any distinguished triangle X — Y — Z — T(X), the sequence F(X) — F(Y) —
F(Z) is exact.

For a cohomological functor F, we write F* for F o T*. Then for any distin-
guished triangle X - Y —» Z — T(X) we obtain a long exact sequence:
(1.5.3) cor o F*Y(Z) > FYX) - FXY) » FY2Z) > F*"' (X) > -+
Tpuxyraux A LeEch A[1] - ckopouennit 3amnuc

MOCJILIOBHOCTL

h[-1] f[1] hltl,

e N e N A= J VG T LT I BT

AKY MOXKHA Bi3yaJsi3yBaTH dK CIipajb
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Proposition 1.5.3. (i) If X Lyszo T(X) is a distinguished triangle, then
gof=0.

(ii) For any W e Ob(%), Hom(W, -) and Homg(-, W) are cohomological
functors.
Proof. (i) By (TR1), X - X — 0 — T(X) is a distinguished triangle.
Therefore by (TR 4) there is a morphism ¢ : 0 — Z which makes the following
diagram commutative:

X X 0 T(X)

idx] fl v

S [

X — Y —— 7Z— T(X).

Hencegof=1¢00=0.

(i) Let X 5 Y 5 Z — T(X) be a distinguished triangle. In order to show that
Hom(W, ) is a cohomological functor, it is enough to show that, for any
¢ € Hom (W, Y) with g o ¢ = 0, we can find Y € Homg(W, X), with ¢ = f o .
This follows from (TR 1), (TR 3) and (TR 4) which imply that the dotted arrow
below can be completed:

W, w 0 (W)
Y P l

: f [}

X Y z T(X) .

The proof that Hom (-, W) is a cohomological functor is similar. [J



5 i3omopdizMiB

Corollary 1.5.5. Let

X Y z » T(X)
¢l wl 9! T(¢)l Ty
b'e » Y , Z y T(X) & ———

be a morphism of distinguished triangles. If ¢ and \y are isomorphisms, then so is 0.

Proof. For any W e Ob(%), let us apply the functor Hom(W, *) to the above
diagram. We obtain a commutative diagram whose rows are exact. Since
Hom (W, ¢) and Hom (W, y) are isomorphisms, as well as Hom (W, T(¢)) and
Hom (W, T(y)), we obtain that Hom (W, 6) is an isomorphism by Exercise 1.8.

(5-mema). 3a memoro Momema 6 - isomopdism.



€ =k-mod.
Proposition 1.56. Let ¥ be an abelian category. Then the functor
H°("): K(%) = € is a cohomological functor.

Proof. 1t is enough to show that if f: X — Y is a morphism in C(%), then the
sequence

H°(Y) - H(M(f)) > H°(X[1])

1s exact.

Since 0 - Y — M(f) —» X[1] - 0 is an exact sequence in C(%¥), the result
follows from Proposition 1.3.6. [
Definition 1.5.7. Let % be an abelian category and let f : X — Y be a morphism
in K(€). One says that f is a quasi-isomorphism (qis for short) if H"(f) is an
isomorphism for each n.

Hence f'is a gis if and only if H*(M(f)) = 0 for each n. If f is a gis, one writes
X - Y, for short.

Notations 1.5.8. Let & be a triangulated category. In the subsequent sections we
shall often write X — Y — Z — instead of X - Y » Z - T(X), to denote
a distinguished triangle.



Let € be a category, and let S be a family of morphisms in .

Definition 1.6.1. One says that S is a multiplicative system if it satisfies (S 1)—(S4)
below.

(S1) For any X € Ob(%), idx € S.
(S2) For any pair (f,g) of S such that the composition g o f exists,go f € S.
(S3) Any diagram:

VA

lg

Y

with g € S, may be completed to a commutative diagram:

x -1

E—

T >335

M

/
 —

with h € S. Ditto with all the arrows reversed.

(S4) If f and g belong to Hom (X, Y), the following conditions are equivalent :
(i) thereexistst:Y — Y',te S, suchthatto f=tog,
(ii) there exists s: X' — X,s€ S, suchthat fos=gos.



JlokaJrizaris _
Definition 1.6.2. Let € be a category, S a multiplicative system. The category %5, ‘ g

called the localization of € by S, is defined by:
(1.6.1) Ob(%;) = Ob(¥) ,
(1.6.2)  for any pair (X, Y) of Ob(%),
Hom(X,Y) = {(X',s,f; X € Ob(®),s: X' > X,[: X' > Y,se S}/R
where Z is the following equivalence relation: 7<

S £
(X',5,N)R(X",1,9) / \_\

iff there exists a commutative diagram )( y

withu € S.



KowMmmozuiiisa B jtoxkasizaril

The composition of (X',s,f) e Homg(X,Y) and (Y',t,g) € Homg(Y, Z) is
defined as follows. We use (S 3) to find a commutative diagram:

with t' € S, and we set:
(Y, t,9) o (X',5,f) =(X",s0t',go h) .
One sees easily, using the axioms (S 1)—(S 4), that € is a category.
We shall denote by Q the functor:
Q:%—>%s
defined by Q(X) = X for X € Ob(%),and Q(f) = (X,idy, f)for f € Hom(X, Y).

Proposition 1.6.3. (i) For s € S, Q(s) is an isomorphism in €.
(ii) Let €' be another category, F : € — €' be a functor such that F(s) is an
isomorphism for all s € S. Then F factors uniquely through Q.



HynpoBa cucrema

Definition 1.6.6. Let € be a triangulated category, and let A~ be a subfamily of
Ob(¥). One says that A" is a null system if it satisfies (N 1)—(N3) below.

(N1) 0e A,

(N2) X e &/ if and only if X[1] € A4,

(N3) If X > Y > Z > X[1] is a distinguished triangle, and X € A, Y € A then
ZeN.



Now we set:

(164) S(A#)={f:X - Y; fis embedded into a distinguished
- triangle X 5 Y— Z - X[1], with Ze 47} .

Proposition 1.6.7. Assume A" is a null system. Then S(A") is a multiplicative
system.

Proof. The property (S 1) is deduced from (N 1) and (TR 1). Let us prove (S2).

Let X5Y>2Z —X[1] and Y5 Z > X' - Y[1] be two distinguished tri-

angles with X' e A, Z' € 4. By (TR 2) there exists a distinguished triangle
— Z —— Y’ —— X[1], and by (TR 5) there exists a distinguished triangle

Z’—» Y' - X'— Z'[1]. By (N2), (N3) and (TR3), we have: Y'e .#". Hence

go feSA).

To prove (S 3), consider a distinguished triangle Z 5 Y Lx -z [1], with
X' e A, and let f': X — Y. There exists a distinguished triangle :

wlo x X wn

Then by (TR 4) and (TR 3), we have a morphism of distinguished triangles:

h “ ko,
w L x 2 x ow

E

z L oyt Lx o7,
Since X’ € A", h belongs to S(.A4).




A similar proof holds by reversing the arrows.

Finally we prove (S4). Let f:X — Y and t: Y > Y’, with t e S(/#) and
t o f = 0. We shall show that there exists s : X’ — X,s € S(.47),such that f o5 = 0.
Let Z5 Y5 Y > Z[1] be a distinguished triangle, with Z e 4. By (TR 1),
(TR 3), (TR 4), there exists h: X — Z such that f = g o h. If we embed h into a
distinguished triangle X’ > X Lzo X’[1] then s will satisfy the desired prop-
erties. The proof of the converse implication is similar. []

Notation 1.6.8. Let % be a triangulated category and 4" a null system in 4. We
write €/.4" instead of € ).

Proposition 1.6.9. Ler € be a triangulated category and A" a null system.

(i) €/A" becomes a triangulated category by taking for distinguished triangles
those isomorphic to the image of a distinguished triangle in €.
(ii) Denote by Q the natural functor € — €/.#. We have Q(X) ~ 0 for X € A"
(ili) Any functor F: € — %' of triangulated categories such that F(X) ~ 0 for all
X e ¥, factors uniquely through Q.



[loximaa KaTeropis

% =k-mod.
We shall apply the preceding construction to the triangulated category K(%).
It is clear that:

(1.7.1) N = {X € Ob(K(¥)); H"(X) = 0 for any n}

is a null system. Note that, in view of Proposition 1.5.6, S(.#") consists of
quasi-isomorphisms of K(%).

Definition 1.7.1. We set D(%) = K(®)/.A"and call D(®) the derived category of €.

By replacing K(%) with K®(%) (resp. K* (%), resp. K™(%)), we define similarly
the derived categories D*(€) (resp. D (%), resp. D~ (%)). By Proposition 1.6.3 the
functor H"(-): K(%) — €, factors through D(%). We still denote by H"(-) the
functor from D(%) to ¥ so obtained.

Proposition 1.7.2. (i) D*(%) (resp. D*(¥), resp. D™ (%)) is equivalent to the full
subcategory of D(%) consisting of objects X such that H"(X) = 0 for |n| » 0 (resp.
n «< 0, resp. n > 0).

(ii) By the composition of the functors € — K(6) —» D(%), € is equivalent to
the full subcategory of D(%) consisting of objects X such that H"(X) = 0 forn # 0.



Konyc BijioOpazkeHHs B TOMOJIOTT

— - mapping
. cone

X Y incIL{sion Cf m) ZX suspension

2




Konyc Biobpaxennsa sk dhynkrop A 5 Y@t( })KX

Cone = M e dynkropom dg~ — dg, 1e — — Kareropis 3 ;[BOMa
ob’exktamu 0, 1 i €TMHOI0 HETOTOXKHOIO CTPiKOoI 0 — 1.

€ = xareropis cTpinok B €
Ob% " =Mor¥,

¢ (f:A—=B,g: X—=Y)

A—L B
:{(U:A—>X,V:B—>Y) (Mor%)? l = lv}

X —F——Y
Cone(f: A— B) = (A[l] ® B, <d‘(‘)[1] GdB' f>>

Exercise

_ 2
dA[l] (o) 1, f -0
0 dg

A%

Cone<uL = iv> = u[l]® v. Homy ne € dg?

X% vy

o]



KopoTka Touna MOCTITOBHICTH KOMILIEKCIB 1HIYKYE

BIJIICHUIT TPUKYTHUK B ITOX1IHIA KaTEropll
Proposition 1.7.5. Let & be an abelian category and let 0 —» X LyLz-0be
an exact sequence in C(%). Let M(f) be the mapping cone of f and let ¢": M(f)' =
X" @ Y" — Z" be the morphism (0,g"). Then {¢"},: M(f) — Z is a morphism of
complexes, ¢ o a(f) = g, and ¢ is a quasi-isomorphism.

Proof. Tt is straightforward to see that ¢ is a morphism of complexes. Moreover
we have an exact sequence:

0— M(idy) > M(f)»Z -0

where y is associated to the morphism idy — f. This last morphism is described
by the commutative diagram:

&)Y >N o R ME-NY)

(9) Ay 4% lf. Yo

By Proposition 1.3.6 it is enough to check that H*(M(idy)) = Oforallne Z.
Since M (idy) is zero in K(%), this is evident. []



X%
1J lf coney Cone(1,f) =1 f : Conelx — Conef.
x—" Ly

0 dx[]_] Gil . f) (0) (0)
30 = . Conef — Z € dg < = (%) dy.
¢ <g> one & < 0 dy )\g g)”

0 — Conely M Conef&Z—>0

TOYHA 9K @B B Gr IOCILTOBHOCTEMH

0= X[ S X[1]=0—=0i0X5YE Zz0.
Exercise

Conelx — crarysauuii (3s: lcone1 = sd + ds).

Tomy Conely — amukaignanii = ¢ — kBasi-isomopdizm = ¢

oboporauit 8 D(k-mod) = B D(k-mod) icuye isomopdizm
TPUKYTHUKIB



Ly & 7 9Oy

X
| J% |
X

! y — %, coner P, —— X[1]

KOPOTKI TOYHI oc/ifoBHOCTI KoMIiekciB K-mMomysis

sugineni TpukyTHuky B D(k-mod) H

H\%
noBri TouHi mocaimosHocTi B k-mod

In the situation of Proposition 1.7.5 the distinguished triangle X - ¥ - Z £
X[1] i cafled the distinguished triangle associated to the exact sequence
05X->Y—>Z->0 Hereh=p(f)od™"

Note that the above distinguished triangle gives rise to a long exact sequence :

- — H'(X) H"(Y) H(2) o H Y (X) ——

and H"(h) = — 4, ¢ being defined in Proposition 1.3.6.
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