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Kareropii mojynis 4 = k-mod. KosamIiorosi KoMILiekcn

Let % be an additive category.

Definition 1.3.1. A complex X in € consists of the data {X",d%},. z, such that for
anyneZ:
(13.1) X"eOb(®), dieHom (X" X"*) and di'odl=0 .

A morphism f from a complex X to a complex Y is a sequence { f"}, . 7 of morphisms
S": X" > Y" such that for any n:

(1.3.2) djo fr=f"tody .
We denote by C(%) the category of complexes of € thus obtained.

One often writes a complex as a sequence:
"'——-)X"_l —»PX"——PX"‘H —_— e
&y dy

The family dy = {d}}, is called the differential of the complex X. 4 complex X
is said to be bounded (resp. bounded below, resp. bounded above) if X" = O for
In| > 0 (resp. n « 0, resp. n > 0). The full subcategory of C(%) consisting of
bounded complexes (resp. complexes bounded below, resp. complexes bounded
above), is denoted C*(%) (resp. C*(%), resp. C(¥)).

We identify € with the full subcategory of C(%) consisting of complexes X
such that X" = 0 forn # 0.



DyHKTOP 3CyBY

Definition 1.3.2. Let k be an integer, and let X € Ob(C(%)). One defines a new
complex X[k] by setting:

{X[k]" — Xn+k s
(1.3.3)

d"xuz] =(- l)kd"x+k .
For a morphism f : X — Y in C(%), one defines f[k]: X[k] — Y[k] by setting:
(1.3.4) fIK]" = fr*e

The functor [k] from C(%) to C(%) is called the shift functor of degree k.

For any graded k-module M and an integer a denote by M|a]
the same module with the grading shifted by a: M[a]k = M3tk
Denote by 67 : M — M[a], Mk > x — x € M[a]*~2 the “identity
map” of degree dego? = —a. Write elements of M[a] as mo?.
Typically, a map is written on the right of its argument. When
f:V — X is a homogeneous map of certain degree, the map
fla] : V[a] — X]a] is defined as

fla] = (—1)9¢f62fc? = (—1)f o 2fo°.
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Bryrpimui hom’n B rpajiyitfoBanux MOJTyJIsIX
BHYTOMA] hom ~ gr'(M,N), g'(M.N)
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gr(M,N)* = gr(M,N)%, (f7); = (1) f7);.



JudepenniaibHo rpajiyiioBaHl MOy = KOMILJICKCH
P 04LARKEMO  dg = C(k —mod) 3 nBoma BapiaHTaMu @ Ha M ® N Y CEHCI

gr wo BiAPi3HAIOTLCA AnudepeHLuianom:
-

(niBum)  d(m®@n) = (dm) @ n + (-1)™m ® (dn) ®

(npaBumM) (Mm@ n)d=m® (nd) + (—1)"(md) @ n ®"

BTiM, Ui MOHOIAanbHI KaTeropii i3oMopdHi 3aBAAKN iIHBOIOTUBHOMY (DYHKTOPY
=:dg—dg, (M,d) — (M.d) = (M, ((-1/d);). TaN=Te'T.

Lle 3aMKHeHa cMMeTpuYHa MOHOIAajibHa KaTeropis.
dg(M, N) =gr(M,N) +d

3 4x (i3omMopdHMX) BapiaHTIB 2:
- niBi AndepeHuiann + npasi onepaTtopu
- Npasi gudepeHuiann + nisi onepatopu
He pawoTb audepeHuiana Ha dg(M, N) y urnani rpapyitosaHoro komyTaTopa.
Ane niBi gudepeHuiann + niBi onepaTopun falTb AndepeHLuian B d_gl(M, N)
fld fl=dof—(-1)fod
T
npasi gudepeHuiann + npasi onepaTopu AaloTb AUdepeHLian B d_g (M, N)
frolfd=f-d=(-1)df .
KonaHutorosi Bigobpa)keHHs = LMKJ1aM B d_g(M7 N)
f:M— N



['omororisa

f~0&ds: f=ds.
Definition 1.3.3. 4 morphism f : X — Y in C(%) is called homotopic to zero if there
exist morphisms s": X" — Y""! in € such that for any n:

(1.3.5) Sr=s"Tody+d¥ os" .

One says f is homotopic to g if  — g is homotopic to zero. We denote by
Ht(X, Y) the subgroup of Hom ¢ ¢,(X, Y) consisting of morphisms homotopic to
zero. One sees easily that the composition map Hom ¢ ,(X, Y) x Hom co(Y.2)—
Hom ¢4 (X, Z) sends Ht(X, Y) x Homg (Y, Z) and Homg (X, Y) x Ht(Y, Z)
into Ht(X, Z). This permits to define a new category K(%) as follows.
Definition 1.3.4. The category K(%) is defined by
{Ob(K(%”)) = Ob(C(¥)) ,

Hom g ,(X, Y) = Hom (X, Y)/Ht(X, Y) .

(1.3.6)

One defines similarly the categories Kb(%), K*(%) and K™ (%). They are full
subcategories of K(%).



Koromoutorii

Definition 1.3.5. For X € Ob(C(%)), one sets:
ZMX) = Kerd, , B¥(X)=Imdg™
H*(X) = Coker(B*(X) - Z*(X)) .

One calls H*(X) the k-th cohomology of the complex X.

In other words:

(1.3.7) H*X) = Kerd4/Imd§™" .

Note that H*(-) is an additive functor from C(%¥) to €, and:

(13.8) H*X) = H°(X[k]) .

If f : X - Y is homotopic to zero, then H*(f): H*(X) — H*(Y) is the zero mor-
phism. Hence H*(-) is a well-defined functor from K(%) to %.

K(k-mod)(X, Y) = HO(dg(X, Y)).



Jleski TOUHI MOCITOBHOCTI

There are exact sequences:
X1 ZKX) — HY{X) — 0,
0 — H*(X) — Coker(d%™) — X**1 |
0— ZFY(X) — X*! — BHX)— 0,
0 — B¥(X) — X* — Coker(d¥!)— 0 ,

(139) 0- H*X)— Cokerd%! - Z¥Y(X)— H*'(X) — 0 .
X



Exercise 1.9. Let € be an abelian category. Consider the commutative diagram
with exact rows in €:

x—J .y %,z 0
0 sy x Ly S,z

Prove that there is a natural exact sequence:
Kerox — Ker f — Kery -2, Coker « —s Coker p— Cokery ,

so that the following diagram commutes:

Y 9, Z




JloBra TodHa MOCJiIOBHICTH

Proposition 1.3.6. Let 0 > X - Y —» Z — 0 be an exact sequence in C(€). Then
there exists a canonical long exact sequence in % :

C e— H"(X) —_— HH(Y) —_ H"(Z) —o) Hn+l(x) _—

more precisely, if

0 X > Y V4 0
0 X’ > Y’ z 0

is a commutative diagram of exact sequences in C(%), then all the diagrams:

H"Z) —— H"™'(X)

|

Hn(zl) Hn+1(xr)
commute.



JloBeieHHA JOBrol TOYHOI MOCJ/IIOBHOCTI

Proof. Consider the commutative diagram with exact rows:
Coker(dy™!) ——— Coker(d}') —— Coker(dy!) —— 0
0 —_ Zn+l(X) —_ Zn+1(y) - Zn+1(z) ,

The result then follows from (1.3.9) and Exercise 1.9. The functoriality of the
construction is left to the reader. [



T'omoTomiuni i3oMmopdizmu. JIaHIIOTOBI KOMILIEKCH.
['omoutorii

Remark 1.3.8. Let X and Y be two objects of C(%). One sometimes says that X
and Y are homotopically equivalent if they are isomorphic in K(%), that is, if there
exists f € Hom¢4)(X, Y) which is an isomorphism in K(%). Such an f'is called a
homotopy equivalence.

Notations 1.3.9. (i) Consider a sequence {X,,dZ},.; where X, € Ob(%), df e
Hom(X,, X,_,) and d o d¥,; = 0. Then we shall still say that this sequence is
a complex in €. In fact setting X" = X_,, dy = d%,, the sequence {X",d%} is a
complex in our previous sense.

(ii) We sometimes denote by X" (resp. X ) a complex {X",d%} (resp. {X,,dX}).
The object Ker d¥_, /Im d¥ is called the n-th holomology group of X, and denoted
by H,(X.).



Komnyc BijioOpazkeHHsi

Let % be an additive category, and let f : X — Y be a morphism in C(%).

Definition 1.4.1. The mapping cone of f, denoted by M([), is the object of C(%)

defined as follows:

M(f)n — er+1 @ Y ,
(].4.1) . _ (d':':m 0)

M) — fn+1 d;‘; :
Recall that d};, = —d}™.
We define the morphisms a(f): Y — M(f) and B(f): M(f)— X[1] by:
. (0

(14.2) alf) = (idy..) >
(1.4.3) B = (idyns1,0) .

In other notation dM(f) = (fg[;]—l 2)



[lepiie obepTanHs TPUKYTHUKA

Lemma 1.4.2. For any f : X - Y in C(%), there exists ¢ : X[1] — M(a(f)) such

that:

(1.44) ¢ is an isomorphism in K(€) ,

(1.4.5) The diagram below commutes in K(%) :
y 2, a(f) M) 2, ﬁ(f) X[1] ~fI1] Y[1]
[idy lidum jax lid”l”
Y ——> M(f) ——= M((f)) ——— Y[1] .

(@) B(f)

Note that such a result would not hold in C(%). Note further that ¢ is not unique



Proof. We have:
M@ =Y @M =Y"aX ey
We define ¢": X[17" — M(a(f))" and y": M(a(f))" » X[1]" by:
[
¢ =| idynn ) . "= (0,idynn,0) .
0
Then the lemma follows from the following observations.

(a) ¢ = (¢"), and ¥ = (y"), are morphisms of complexes,

(b) 'l’ © ¢ = idx[u,

(c) ¢ oy is homotopic to id iy y)»

(d) ¥ o a(a(f)) = B(S),

© pl(f)Ne¢=—f[1]

All these properties, except (c), can be checked directly. To get (c) we define
s": M(@(f))" = M((f))"" by:

Then one verifies that:

. 1 -1
idpragoyn — @" 0 " =" 0 Ay + gy 08" . O



d[1]
M(a(f)) = Y[l]e X[1]® Y, dM(a(f)) = ( 0

—f[1] 0 0 o
( 1 ),w(om),s(o 0 0).
0 0 0O

¢

3aBIAKH 60d+d[1] oo =0.

o o9



Bumineni TpuKyTHUKA

One defines a triangle in K(%) as being a sequence of morphisms X - Y —
Z — X [1]and a morphism of triangles as being a commutative diagram in K(%):

X Y Z X[1]

BN

X’ Y’ VA X'[1] .

Definition 1.4.3. A triangle X — Y = Z — X[1] in K(%) is called a distinguished
triangle, if it is isomorphic to a triangle x L,y 20, M(f)@» X'[1], for
some f in C(%).



Bracrusocti K(%€) six TpuanrynboBanoi kareropii

Proposition 1.4.4. The collection of distinguished triangles in K(%) satisfies the
following properties, (TR 0)—(TR 5).

(TR O} A triangle isomorphic to a distinguished triangle is distinguished.

(TR 1) For any X € Ob(K(®)), X -2 X — 0 — X[1] is a distinguished
triangle.

(TR2) Any f:X - Y in K(¥) can be embedded in a distinguished triangle

XL yozox[1l

(TR3) X LyszAh X[1]is adistinguished triangle if and only if Y—2— Z LN
X[1] ) Y[1] is a distinguished triangle.

(TR4) Given two distinguished triangles X Lyszo X[1] and X' Ly o
Z' — X'[1], a commutative diagram

J

X —> Y

L

X — Y

can be embedded in a morphism of triangles (not necessarily unique).



(TR 5) (octahedral axiom). Suppose given distinguished triangles:

f

X Y z X[,
y—4 .z X' s Y[1],
x 2l Ly X[1],

then there exists a distinguished triangle

Z'>Y - X' - Z'[1]

such that the following diagram is commutative

x L,y z X[1]
idy 4 idypy,

|

x 2,z Y’ X[1]
! id, } fm

| ]

Y45z — 5 x — v

1
i |



Hoseenns siaacrusocreit K(€') sk tpuanr. kareropii

Proof. The properties (TR 0) and (TR 2) are obvious, and (TR 3) follows from
Lemma 1.4.2. .

Since the mapping cone of f : 0 — X is X, the triangle 0 — X S X —
O[1] is distinguished. Applying (TR 3) we get (TR 1). Let us prove (TR 4) We may
assume that X 5 Y —» Z —»X[l] and X' Ly >z — X'[1] are x-L,y2,
M(f)— LN X[1]and X' — YV — 20 —— M(f')—> LERNS ' [1], respectively. We shall
construct a morphism w: M(f) — M(f"') such that:

{WOW(f)=fx(f')°v )
ul1Jo f(f)=B(f)ow .
By the definition of K(%), there exists s": X" — Y™ ! such that v"o f" —
frout=5""ody + dY ! o 5™ We define w: M(f) = X" @ Y > M(f') =
Xm+1 (‘B Ym by
un+1 0
wh= (er-l. vn) :

Then a direct calculation shows that w is a morphism of complexes and satisfies
(1.4.4).

(1.4.4)



Let us prove (TR5). We may assume Z' = M(f), X' =M(g) and Y' =
M(go f) Letusdefineu:Z"— Y andv: Y’ - X' by:

WXL Y X @ Zn u=(’d’(’;“ ;)

T Xn+l @ AN Yn+l @Z” "= n*l 0
’ 0 idg./

We define w: X' — Z'[1] as the composite X’ — Y[1] - Z'[1]. Then the dia-
gram in (TR 5) is commutative, and it is enough to show that Z' 5 v’ 5 X' 5
Z'[1] is a distinguished triangle. For that purpose we shall construct an isomor-
phism ¢ : M(u) - X’ and its inverse ¥ : X' — M(u) such that ¢ o a(u) = v and
B(u) o y = w. We have:

M@= M(fy"" ®@M(gofr=Xx"eoy"ex" ez
and X" = M(g)" = Y""' @ 2". We define ¢ and  by:

0 0
0 idywer f™1 0 idpns 0
¢ = Y f ' . Y = Y
0 0 0 idg 0 0
0 idgnes

Then one checks easily that ¢ and \y are morphisms of complexes and ¢ o

o(u) = v, fu) o Y = w.



Oxkraejip
We have ¢ o y = idy.. If we define:

idynss

0
n. n n—1 0
s M(u)' > M@u)"™* , "= 0
0

o O O C
o
(=R =R w]

then:
(idM(u) —pog)=s5"o die + d"M‘hla) os".
Hence ¥ o ¢ equals idyy,, in K(¥). O

Remark 1.4.5. Property (TR 5) may be visualized by the following octahedral
diagram:

>

N/_.

/
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