
1. Ïðàâèëà Ôåéíìàíà â ÊÅÄ

Äëÿ âiëüíîãî ïîëÿ Äiðàêà ãåíåðóþ÷èé ôóíêöiîíàë ìà¹ âèãëÿä

Z0(η̄, η) = N

∫
DΨDΨ̄ exp

{
i

∫
d4x [Ψ̄(x)(i∂̂x −m)Ψ(x) + η̄Ψ + Ψ̄η]

}
,

(1.1)

äå íîðìóþ÷èé ìíîæíèê

N−1 =

∫
DΨDΨ̄ exp

{
i

∫
d4x [Ψ̄(x)(i∂̂x −m)Ψ(x)]

}
= Det(i∂̂ −m).

Çäiéñíþþ÷è iíòåãðóâàííÿ ïî ãðàñìàíîâèì çìiííèì, îòðèìó¹ìî

Z0(η̄, η) = exp{−iη̄[i∂̂ −m]−1η} = exp

{
−i
∫
d4x d4y η̄(x)S(x− y)η(y)]

}
,

(1.2)

äå

〈x| 1

iγµ∂µ −m
|y〉 ≡ S(x− y) =

∫
d4p

(2π)4

e−ip(x−y)

p̂−m+ iε
. (1.3)

Ç îäíîãî áîêó äðóãà ïîõiäíà ôóíêöiîíàëó ¹

δ2Z0(η̄, η)

δη̄(x)δη(y)

∣∣∣∣
η̄=η=0

= 〈0|TΨ(x)Ψ̄(y)|0〉 ≡ Ψ(x)Ψ̄(y), (1.4)

à ç iíøîãî, îá÷èñëþþ÷è áåçïîñåðåäíüî âàðiàöiéíi ïîõiäíi Z0 â (1.2), çíàõî-

äèìî ñïiââiäíîøåííÿ

〈0|TΨ(x)Ψ̄(y)|0〉 = iS(x− y). (1.5)

Òîäi ìîæíà çàïèñàòè

Z0(η̄, η) = exp

[
−
∫
d4x d4y η̄(x)〈0|TΨ(x)Ψ̄(y)|0〉η(y)

]
. (1.6)

Îá÷èñëèìî 4-õ òî÷êîâó ôóíêöiþ Ãðiíà

δ4Z0(η̄, η)

δη̄(x1)δη̄(x2)δη(x3)δη(x4)

∣∣∣∣
η̄=η=0

= 〈0|TΨ(x1)Ψ(x2)Ψ̄(x3)Ψ̄(x4)|0〉. (1.7)
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Îá÷èñëþþ÷è âàðiàöiéíi ïîõiäíi Z0, çíàõîäèìî:

〈0|TΨ(x1)Ψ(x2)Ψ̄(x3)Ψ̄(x4)|0〉 = −〈0|TΨ(x1)Ψ̄(x3)|0〉〈0|TΨ(x2)Ψ̄(x4)|0〉

+〈0|TΨ(x1)Ψ̄(x4)|0〉〈0|Ψ(x2)Ψ̄(x3)|0〉

= −Ψ(x1)Ψ̄(x3)Ψ(x2)Ψ̄(x4) + Ψ(x1)Ψ̄(x4)Ψ(x2)Ψ̄(x3). (1.8)

Öå ¹ òåîðåìà Âiêà äëÿ ôåðìiîííèõ ïîäiâ (ç âðàõóâàííÿì çíàêiâ äëÿ ôåð-

ìiîíîâ). Çâåðíåìî óâàãó, ùî íåìà¹ ñïàðþâàííü òèïó ΨΨ àáî Ψ̄Ψ̄ âíàñëiäîê

âiäñóòíîñòi âiäïîâiäíèõ êâàäðàòè÷íèõ äîäàíêiâ â ëàãðàíæiàíi. Öå ¹ âiðíèì

äëÿ êâàíòîâî¨ åëåêòðîäèíàìiêè, àëå òàêi ñïàðþâàííÿ ìîæëèâi â iíøèõ òåî-

ðiÿõ, íàïðèêëàä, â òåîði¨ íàäïðîâiäíîñòi.

Ãåíåðóþ÷èé ôóíêöiîíàë â ÊÅÄ â äîâiëüíié êîâàðiàíòíié êàëiáðîâöi ¹:

Z(Jµ, η̄, η) = N

∫
DAµDΨDΨ̄ exp

{
i

∫
d4x[−1

4
F 2
µν −

1

2ξ
(∂µAµ)2

+ Ψ̄(iγµDµ −m)Ψ + JµA
µ + η̄Ψ + Ψ̄η]

}
, (1.9)

äå êîâàðiàíòíà ïîõiäíàDµ = ∂µ+ieAµ i N� âiäïîâiäíèé íîðìóþ÷èé ìíîæ-

íèê. Â ëàãðàíæiàíi âèäiëèìî êâàäðàòè÷íó ïî ïîëÿì ÷àñòèíó, i ÷àñòèíó, ùî

âiäïîâiäà¹ çà âçâ¹ìîäiþ L = L0 − eAµΨ̄γµΨ. Êâàäðàòè÷íà ÷àñòèíà äëÿ

êàëiáðóâàëüíîãî ïîëÿ ìà¹ âèãëÿä∫
d4x

[
1

4
(∂µAν − ∂νAµ)2 +

1

2ξ
(∂µAµ)2

]
=

∫
d4x

[
−1

2
∂µAν∂

µAν +
1

2
∂µAν∂

νAµ − 1

2ξ
∂µAµ∂

νAν

]
=

1

2

∫
d4x

[
Aν�A

ν − Aν∂µ∂
νAµ +

1

ξ
Aµ∂

µ∂νAν

]
=

1

2

∫
d4xAµ

[
gµν�−

(
1− 1

ξ

)
∂µ∂ν

]
Aν

≡ 1

2

∫
d4x d4y Aµ(x)(D−1

0 )µν(x− y)Aν(y), (1.10)
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äå î÷åâèäíî

(D−1
0 )µν(x− y) =

[
gµν�−

(
1− 1

ξ

)
∂µ∂ν

]
x

δ(x− y). (1.11)

Ïîâíèé ôîòîííèé ïðîïàãàòîð

δ2Z

iδJµ(x)iδJν(y)

∣∣∣∣
J=η̄=η=0

= 〈0|TAµ(x)Aν(y)|0〉.

Íåõàé Dµν
0 (x− y) çàäîâîëüíÿ¹ ðiâíÿííþ[

gµν�x −
(

1− 1

ξ

)
∂µx∂

ν
x

]
D0νλ(x− y) = δµλδ(x− y). (1.12)

Â iìïóëüñíîìó ïðîñòîði ìà¹ìî ìàòðè÷íå ðiâíÿííÿ[
−gµνk2 +

(
1− 1

ξ

)
kµkν

]
D0νλ(k) = δµλ , (1.13)

ðîçâ'ÿçêîì ÿêîãî ¹

D0νλ(k) = − 1

k2

(
gνλ −

kνkλ
k2

)
− ξkνkλ

k4
. (1.14)

Ãåíåðóþ÷èé ôóíêöiîíàë äëÿ âiëüíîãî åëåêòðîìàãíiòíîãî ïîëÿ:

Z0(Jµ) = N

∫
DAµ exp

{
i

∫
d4x

[
−1

4
F 2
µν + JµA

µ − 1

2ξ
(∂µAµ)2

]}
= exp

{
− i

2

∫
d4x d4y Jµ(x)Dµν

0 (x− y)Jν

}
. (1.15)

Òîäi äëÿ âiëüíîãî ïîëÿ ìà¹ìî

〈0|TAµ(x)Aν(y)|0〉 =
δ2Z0

iδJµ(x)iδJν(y)
= iDµν

0 (x− y), (1.16)

i äëÿ ôóíêöiîíàëó Z0(J):

Z0(J) = exp

{
−1

2

∫
d4x d4y Jµ(x)〈0|TAµ(x)Aν(y)|0〉Jν(y)

}
. (1.17)
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Ïîñòàâèìî ó âiäïîâiäíiñòü âàêóóìíèì ñåðåäíiì 〈0|TΨΨ̄|0〉 i 〈0|TAµAν|0〉

ëiíi¨

=

∫
d4p

(2π)4

ie−ip(x−y)

p̂−m+ iε
= 〈0|TΨ(x) ¯Ψ(y)|0〉, (1.18)

= 〈0|TAµ(x)Aν(y)|0〉 =

∫
d4k

(2π)4

e−ik(x−y)

ik2

[
gµν − (1− ξ)kµkν

k2

]
.

(1.19)

Ëiíi¨ ïîêàçóþòü ðóõ ÷àñòèíîê (åëåêòðîíiâ i ôîòîíiâ) ç òî÷êè y â òî÷êó x.

Äëÿ ôåðìiîííîãî ïðîïàãàòîðà ñòðåëêà íà ëiíi¨ îçíà÷à¹, ùî åëåêòðîí íàðîä-

æó¹òüñÿ â òî÷öi y, ðóõà¹òüñÿ â òî÷êó x, äå âií çíèêà¹. Öå ó âiäïîâiäíîñòi ç

òèì, ùî îïåðàòîð Ψ̄(y) ìiñòèòü îïåðàòîð íàðîäæåííÿ åëåêòðîíà, à îïåðà-

òîð Ψ(x)� îïåðàòîð çíèùåííÿ åëåêòðîíà. Çâiñíî, ìîæíà êàçàòè, ùî ôåð-

ìiîííèé ïðîïàãàòîð îïèñó¹ ðóõ ïîçiòðîíà ç òî÷êè x â òî÷êó y, òîäi ñòðåëêà

áóäå ìàòè çâîðîòíié íàïðÿì. Öå ñïðàâà óãîäè (convention), ÿêèé íàïðÿìîê

âêàçóâàòè íà ôåðìiîííié ëiíi¨. Äëÿ ôîòîííîãî ïðîïàãàòîðà ñòðåëêà çâè÷àé-

íî íå âêàçó¹òüñÿ, òîìó ùî îïåðàòîð ôîòîííîãî ïîëÿ Aµ ìiñòèòü îïåðàòîðè

íàðîäæåííÿ i çíèùåííÿ ôîòîíà.

Âåðøèíi ñïiâñòàâèìî òî÷êó

= −ieγµ
∫
d4x. (1.20)

Ïî êîîðäèíàòàì âåðøèí ïðîâîäÿòüñÿ iíòåãðóâàííÿ. ×óäîâî, ùî ñèìåòðiéíi

êîåôiöi¹íòè â ÊÅÄ äîðiâíþþòü 1 äëÿ âñiõ äiàãðàì, êðiì âàêóóìíèõ.

Â iìïóëüñíîìó ïðîñòîði ñïiâñòàâëÿ¹ìî:

1. ôåðìiîííîìó ïðîïàãàòîðó

β j α ip =
i

p̂−m+ iε
, (1.21)
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2. ôîòîííîìó ïðîïàãàòîðó

=
1

i(k2 + iε)

(
gµν − (1− ξ) kµkν

k2 + iε

)
, (1.22)

3. âåðøèíi

. (1.23)

4. Ìíîæíèê (−1) äëÿ êîæíîé ôåðìiîííî¨ ïåòëi (ïîÿâó öüîãî ìíîæíèêà

ïîÿñíèìî òðîõè ïiçíiøå).

1.1. Ôåéíìàíîâñüêi ïðàâèëà â êâàíòîâié õðîìîäèíàìiöi

Ëàãðàíæåâà ãóñòèíà êâàíòîâî¨ õðîìîäèíàìiêè â êîâàðiàíòíié êàëiáðîâöi

ìà¹ âèãëÿä

L = −1

4
F a
µνF

aµν − 1

2ξ
(∂µA

aµ)2 − η̄a∂µDab
µ η

b + Ψ̄α
i (iγµDαβ

µ −mi)Ψ
β
i , (1.24)

äå òåíçîð íàïðóæåííîñòi

F a
µν = ∂µA

a
ν − ∂νAa

µ − gfabcAb
µA

c
ν, (1.25)

i êîâàðiíòíi ïîõiäíi

Dab
µ = ∂µδ

ab + gfabcAc
µ, (1.26)

Dαβ
µ = ∂µδ

αβ + igAa
µ(T a)αβ. (1.27)

Äëÿ êîëüîðîâî¨ ãðóïè SU(3) iíäåêñè ïðîáiãàþòü çíà÷åííÿ: α, β = 1, 2, 3 i

a, b, c = 1, . . . , 8. Ðîçiá'¹ìî ëàãðàíæåâó ãóñòèíó íà äâi ÷àñòèíè L = L0 +
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Lint, äå L0 � êâàäðàòè÷íà ÷àñòèíà, ÿêà âèçíà÷à¹ ïðîïàãàòîðè òåîði¨. Ïðèé-

ìàþ÷è äî óâàãè, ùî

F a
µνF

aµν = (∂µA
a
ν−∂νAa

µ)2−4gfabc∂µA
a
νA

b
µA

c
ν+g2fabcfadeAb

µA
c
νA

d
µA

e
ν, (1.28)

êâàäðàòè÷íà ÷àñòèíà ëàãðàíæiàíà êâàíòîâî¨ õðîìîäèíàìiêè çàïèøåòüñÿ

L0 = −1

4
(∂µA

a
ν−∂νAa

µ)2− 1

2ξ
(∂µA

aµ)2−η̄a∂µ∂µηa+Ψ̄α
i (iγµ∂µ−mi)Ψ

α
i . (1.29)

Äëÿ âçà¹ìîäi¨ Lint ìà¹ìî:

Lint = gfabc∂µA
a
νA

µbAνc − g2

4
(fabcAb

µA
c
ν)(f

adeAdµAeν)

− gη̄a∂µ(fabcAc
µη

b)− gΨ̄α
i γ

µAa
µ(T a)αβΨβ

i . (1.30)

Çàïèøåìî

exp i

∫
d4xL0(x) = exp

{
−
∫
d4x

[
− i

2
Aa
µδ

ab

(
�gµν −

(
1− 1

ξ

)
∂µ∂ν

)
Ab
ν

+ iη̄aδab�ηb − iΨ̄α
i (iγµ∂µ −mi)Ψ

α
i

]}
. (1.31)

Ïðîïàãàòîðè ¹ îáåðíåíèìè äî äèôåðåíöiàëüíèõ îïåðàòîðiâ â êâàäðàòè÷íié

ôîðìi â åêñïîíåíòi. Äëÿ ïðîïàãàòîðiâ ãëþîíiâ, êâàðêiâ i äóõiâ çíàõîäèìî,

âiäïîâiäíî:

〈0|TAa
µ(x)Ab

ν(y)|0〉 =

∫
d4p

(2π)4
e−ip(x−y)δab

[
1

ip2

(
gµν − (1− ξ)pµpν

p2

)]
,

(1.32)

〈0|TΨiα(x)Ψ̄jβ(y)|0〉 =

∫
d4p

(2π)4
e−ip(x−y) i

p̂−m
δαβδij, (1.33)

〈0|Tηa(x)η̄b(y)|0〉 =

∫
d4p

(2π)4
e−ip(x−y)δab

i

p2
. (1.34)
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Â iìïóëüñíîìó ïðîñòîði ïðîïàãàòîðàì ñïiâñòàâëÿþòüñÿ ëiíi¨:

µ a b νp =
δab

ip2

(
gµν − (1− ξ)pµpν

p2

)
, (1.35)

β j α ip =
iδαβδij
p̂−m

. (1.36)

b ap =
iδab

p2
. (1.37)

Ïî äîìîâëåííîñòi ôåðìiîííi ëiíi¨ íàïðàâëÿ¹ìî âiä Ψ̄ ê Ψ i âiä η̄ ê η .

Äîäàíîê Lint, ùî âiäïîâiäà¹ çà âçâ¹ìîäiþ, äà¹ âåðøèíè. Äëÿ êâàðê-

ãëþîííî¨ âåðøèíè â iìïóëüñíîìó ïðîñòîði ìà¹ìî

p

α i β j

q

k

µ a

= −igγµ(T a)αβδij. (1.38)

Ó âåðøèíi ñòîÿòü ìàòðèöi, ÿêi äiþòü íà ñïiíîðíi, êîëüîðîâi i àðîìàòíi ií-

äåêñè êâàðêiâ. Çàêîí çáåðåæåííÿ 4-õ iìïóëüñiâ ó âåðøèíi âèìàãà¹, ùîá

ñóìà iìïóëüñiâ, ÿêi âõîäÿòü äîðiâíþ¹ ñóìi iìïóëüñiâ, ÿêi âèõîäÿòü.

Ðîçãëÿíåìî âåðøèíó âçà¹ìîäi¨ ãëþîíiâ ç äóõàìè. Â äi¨ iS äëÿ äîäàíêó

ig

∫
d4x(∂µη̄a(x))fabcAc

µ(x)ηb(x) (1.39)

âèêîíó¹ìî Ôóðüå-ïåðåòâîðåííÿ äëÿ ïîëiâ

ig

∫
d4x

(
∂µx

∫
d4p

(2π)4
eipxη̄a(p)

)
fabc

∫
d4k

(2π)4
eikxAc

µ(k)

∫
d4q

(2π)4
e−iqxηb(q)

=

∫
d4p d4k d4q

(2π)12
(−gpµ)fabcη̄a(p)Ac

µ(k)ηb(q)(2π)4δ(p+ k − q). (1.40)

Äëÿ âåðøèíè âçà¹ìîäi¨ ãëþîíiâ ç äóõàìè â iìïóëüñíîìó ïðîñòîði ìà¹ìî

−gfabcpµ(2π)4δ(p+ k − q). (1.41)
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Îñêiëüêè η̄a(p) âiäïîâiäà¹ äóõîâié ëiíi¨, ÿêà âõîäèòü, òî ñàìå âîíà ïåðå-

íîñèòü iìïóëüñ, âèíèêàþ÷èé ïðè äèôåðåíöiþâàííi, ùî iíîäi ïîçíà÷à¹òü-

ñÿ êðàïêîþ áiëÿ öi¹¨ ëiíi¨. Ãðàôi÷íå çîáðàæåííÿ öi¹¨ âåðøèíè äèâèñü íà

Ðèñ.1.42.

p

a b

q

µ c

− gfabcpµ(2π)4δ(p+ k − q). (1.42)

Ðîçãëÿíåìî òåïåð ïîòðiéíó âåðøèíó âçà¹ìîäi¨ ãëþîíiâ, äå òàêîæ çðîáèìî

Ôóðüå-ïåðåòâîðåííÿ äëÿ ïîëiâ:

ig fabc
∫
d4x ∂µA

a
νA

µbAνc = igfabc
∫
d4x

(
∂xµ

∫
d4k

(2π)4
eikxAc

ν(k)

)
×
∫

d4p

(2π)4
eipxAµb(p)

∫
d4q

(2π)4
eiqxAνc(q)

= −gfabc
∫
d4k d4p d4q

(2π)12
kµδ

νλAa
ν(k)Abµ(p)Acλ(q)(2π)4δ(k + p+ q). (1.43)

Âèêîíà¹ìî ñèìåòðiçàöiþ ïî iíäåêñàì (k, a, ν), (p, b, µ), (q, c, λ), âèêîðèñòî-

âóþ÷è òîé ôàêò ùî âèðàç (1.43) íå çìiíþ¹òüñÿ ïðè òàêèõ çàìiíàõ:

fabckµδνλ ⇒ 1

2
[fabckµδνλ + f bacpνδµλ]

⇒ 1

2
[f cbaqµδλν + f bcapλδµν]

⇒ 1

2
[facbkλδνµ + f cabqνδλµ]. (1.44)

Ïðè îòðèìàííi ïåðøîãî âèðàçó ìè çðîáèëè ñèìåòðiçàöiþ ïî iíäåêñàì

(k, a, ν) ⇔ (p, b, µ), ïîòiì äëÿ îòðèìàííÿ äðóãîãî âèðàçó ç ïåðøîãî �

çàìiíó (k, a, ν) ⇒ (q, c, λ), i òðåòüîãî âèðàçó ç ïåðøîãî � (p, b, µ) ⇒

(q, c, λ). Ñêëàäàþ÷è öi âèðàçè i äiëÿ÷è íà òðè îòðèìó¹ìî â iíòåãðàëi (1.43)

ôàêòîð

− g
3!
fabc[(k − q)µδνλ + (p− k)λδµν + (q − p)νδλµ](2π)4δ(p+ k + q). (1.45)
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Òóò ìè âèáðàëè âñi iìïóëüñè, ÿêi âèõîäÿòü. Äëÿ òðüîõ- i ÷îòèðüîõãëþîííèõ

âåðøèí ìà¹ìî âèðàçè

p µ b q λ c

k ν a

−gfabc[(k−q)µgνλ+(q−p)νgλµ+(p−k)λgµν](2π)4δ(p+k+q),

(1.46)

ρ c σ d

µ a ν b

p1

p3

p2

p4
=− ig2

[
fabcf cde(gµρgνσ − gµσgνρ) (1.47)

+ facef bde(gµνgρσ − gµσgνρ)

+ fadef bce(gµνgρσ − gµρgνσ)
]

(2π)4δ(p1 + p2 + p3 + p4).

Ãðàôi÷íå çîáðàæåííÿ ïðèâåäåíî â (1.46) i (1.47).

Ïðè ïðàêòè÷íèõ îá÷èñëåííÿõ âñòàíîâëåíi âèùå ïðàâèëà íåîáõiäíî äî-

ïîâíèòè:

1. Iíòåãðóâàííÿ ïî íåôiêñîâàíèì iìïóëüñàì ç ìiðîþ
∫

d4k
(2π)4 .

2. Ôàêòîðè ñèìåòði¨.

3. Ìíîæíèêè (−1) äëÿ êîæíîé äóõîâî¨ i ôåðìiîííî¨ ïåòëi.
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