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9.1.1 Let R be a k-algebraand M an R—R bimodule. We obtain a simplicial
k-module M ® R®* with [n] > M @ R®" (M ® R® = M) by declaring

mri@ra®:---Qr, ifi=0
0imR®r@---Qry)={mA r@---Qririp 1 Q---®r, if0<i<n
ram@r1 @ - @ rp—q ifi=n

gi(mMRri@ - Qry)=mQ@---QriklRri 1 - Qry,

where m € M and the r; are elements of R. These formulas are k-multilinear,
so the d; and o; are well-defined homomorphisms, and the simplicial identities
are readily verified. (Check this!) The Hochschild homology H.(R, M) of R
with coefficients in M is defined to be the k-modules

H,(R, M) =m,(M ® R®) = H,C(M ® R®*).

Here C(M ® R®*) is the associated chain complex with d = Y (—1)!3; :

dp—01 d d
0 «— M «—— M®R «— MR®R®R «— ---.

For example, the image of dy — 9 is the k~submodule [M, R] of M that is gen-
erated by all terms mr—rm (m € M, r € R). Hence Hyo(R, M) = M/[M, R].
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9.1 Hochschild Homology and Cohomology of Algebras 301

Similarly, we obtain a cosimplicial k-module with [n] — Hom,(R®*, M) =
{k-multilinear maps f: R" — M} (Hom(R®°, M) = M) by declaring

| rof(ri, ..., rn) ifi=0
@ o, ---,m)=1 flo,...,ric1ri,...) if0<i<n
f@ro,...,rm—1rn ifi=n

@ AT e = fOL ooy Fis L Fig 1, -0 TR).

The Hochschild cohomology H*(R, M) of R with coefficients in M is defined
to be the k-modules

H*(R, M) = n"(Homi(R®*, M)) = H"C (Homi(R®*, M)).

Here C Homy(R*, M) is the associated cochain complex

30_31

d d
0 — M —— Homi(R,M) — Homi(R®R, M) — ---

For example, it follows immediately that

HYR M)={meM:rm=mr foralrecR).

Exercise 9.1.1 If R is a commutative k-algebra, show that M ® R®* is a
simplicial R-module viar - (m®r;® ---)=(rm) ® r; ® - - - . Conclude that
each H,(R, M) is an R-module. Similarly, show that Homg(R®*, M) is a
cosimplicial R-module, and conclude that each H”(R, M) is an R-module.

Exercise 9.1.2 If 0 > My - M; — M; — 0 is a k-split exact sequence of
bimodules (8.7.7), show that there is a long exact sequence

o 25 Hi(R, Mo) — Hi(R, M1) — Hi(R, M2) — H;_1(R, Mo) - - -.
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