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Di�erential graded algebras
A di�erential graded algebra (or simply dg-algebra) A is a complex
of k-modules [equipped with a map d : A→ A which is either
degree 1 (cochain complex convention) or degree −1 (chain
complex convention), d ◦ d = 0] and a graded algebra that satis�es
the condition:
(a · b)d = (−1)deg(b)(ad) · b + a · (bd), where deg is the degree of
homogeneous elements. This says that the di�erential d respects
the graded Leibniz rule.
For the case of cochain complexes we also speak of cochain
algebras.
For the case of chain complexes we also speak of chain algebras.
A more succinct way to state the same de�nition is to say that a
dg-algebra is a monoid object in the monoidal category of
(co)chain complexes. A dg-morphism between dg-algebras is a
(co)chain map which respects the multiplication.
A di�erential graded augmented algebra (also called an augmented
dg-algebra) is a dg-algebra equipped with a dg-morphism to the
ground ring k (the terminology is due to Henri Cartan).



Tensor product of di�erential graded algebras

If A, A′ are two dg-algebras, then A⊗ A′ is a dg-algebra with

(a⊗ a′)(b ⊗ b′) = (−1)|a
′||b|ab ⊗ a′b′

for homogeneous a, b ∈ A, a′, b′ ∈ A′.
If ε, ε are augmentations of A and A′ respectively, then ε⊗ ε′ is an
augmentation of A⊗ A′.
A graded algebra A is said to be graded commutative if
ab = (−1)|a||b|ba for each pair, a, b, of elements of A of
homogeneous degree.
Commutativity is preserved by tensor product.



Ïðèêëàäè ãðàäóéîâàíî-êîìóòàòèâíèõ àëãåáð

1. Çîâíiøíÿ àëãåáðà ∧•M = T •M/(u ⊗ u)u∈M k-ìîäóëÿ M, äå
M ðîçãëÿäà¹ìî ÿê ãðàäóéîâàíèé k-ìîäóëü, çîñåðåäæåíèé â
ñòåïåíi 1.
2. Äëÿ äîâiëüíîãî ãðàäóéîâàíîãî k-ìîäóëÿ M = M• ìà¹ìî
ñèìåòðè÷íó àëãåáðó

S(M) = TM/(a⊗ b − (−)abb ⊗ a, c ⊗ c | a, b ∈ M•, c ∈ Modd)
∼= S(Meven)⊗ ∧(Modd),

äå S i ∧ - çâè÷àéíi ñèìåòðè÷íà i çîâíiøíÿ àëãåáðà.

Âïðàâà

S(M ⊕ N) ' S(M)⊗ S(N).



Äèôåðåíöiþâàííÿ

Îçíà÷åííÿ
Íåõàé f , g : A→ B � ãîìîìîðôiçìè ãðàäóéîâàíèõ àëãåáð.
(f , g)-äèôåðåíöiþâàííÿì íàçèâà¹òüñÿ k-ëiíiéíå âiäîáðàæåííÿ
ξ : A→ B ïåâíîãî ñòåïåíÿ, òàêå, ùî

(ab)ξ = (a)f · (b)ξ + (−)bξ(a)ξ · (b)g , ∀ a, b ∈ A.

Ãðàäóéîâàíèé k-ìîäóëü (f , g)-äèôåðåíöiþâàíü ïîçíà÷åíèé
Der(A,B)(f , g).

Âïðàâà

Äëÿ M ∈ gr i ãðàäóéîâàíî¨ àëãåáðè B

ξ 7→ ξ|M
Der(TM,B)(f , g) ∼= gr(M,B).

ψ̃ ← ψ



Äèôåðåíöiþâàííÿ çîâíiøíüî¨ àëãåáðè
Íåõàé A � gr-àëãåáðà, ïîäàíà ÿê ôàêòîð
π : TM . TM/I ∼= A. Äëÿ ãîìîìîðôiçìiâ ãðàäóéîâàíèõ
àëãåáð f , g : A→ B ìà¹ìî

Der(TM/I ,B)(f , g) ⊂ Der(TM,B)(π · f , π · g) ∼= gr(M,B),

çâiäêè

Der(TM/I ,B)(f , g) ∼= {ψ ∈ gr(M,B)• | ψ̃(I ) = 0}.

Âïðàâà

Çíàéòè âñi (idA, idA)-äèôåðåíöiþâàííÿ çîâíiøíüî¨ àëãåáðè
A = SM(= ∧M), M = M1. Çíàéòè âñi äèôåðåíöiàëè ñòåïåíÿ −1.

Çàäà÷à

Çíàéòè âñi (idA, idA)-äèôåðåíöiþâàííÿ ñòåïåíÿ −1 ñèìåòðè÷íî¨
àëãåáðè A = SM äëÿ M•, çîñåðåäæåíîãî â ñòåïåíÿõ 1 i 2.
Çíàéòè âñi äèôåðåíöiàëè ñòåïåíÿ −1.



Ïðèêëàä äèôåðåíöiàëüíèõ ôîðì

M � ãëàäêèé ìíîãîâèä, A = Ω•(M) � êîëàíöþãîâà àëãåáðà
ãëàäêèõ äèôåðåíöiàëüíèõ ôîðì íà M. Ëèøå äëÿ
0 6 k 6 dimM ìà¹ìî Ωk(M) 6= 0. Äèôåðåíöiàë
d : Ωk(M)→ Ωk+1(M) � äèôåðåíöiàë äå Ðàìà. ßêùî M = Rn,
òî Ωk(Rn) = ∧kR(Rn)⊗R C∞(Rn). Îòæå, ëîêàëüíî
äèôåðåíöiàëüíi ôîðìè âëàøòîâàíi ÿê çîâíiøíi ñòåïåíi.

Âèùåíàâåäåíi òâåðäæåííÿ ïðî äèôåðåíöiþâàííÿ ñòîñóþòüñÿ íå
ëèøå àñîöiàòèâíèõ àëãåáð ç 1
Âïðàâà: (1)d = 0.
àëå i íåàñîöiàòèâíèõ àëãåáð, íàïðèêëàä, ãðàäóéîâàíèõ àëãåáð
Ëi.





Âïðàâè

Íåõàé A � ÿêàñü ãðàäóéîâàíà àëãåáðà,
a = DerA = Der(A,A)(idA, idA) � ãðàäóéîâàíèé k-ìîäóëü ¨¨
äèôåðåíöiþâàíü.

Âïðàâà

a ðàçîì ç êîìóòàòîðîì [ξ, η] = ξ · η − (−1)ξηη · ξ
¹ ãðàäóéîâàíîþ àëãåáðîþ Ëi.

Ïiäêàçêà: ñïî÷àòêó ðîçãëÿíóòè

Âïðàâà

A ç íóëüîâèì ìíîæåííÿì. Òîäi DerA = gr(A,A)
¹ ãðàäóéîâàíîþ àëãåáðîþ Ëi.

Âïðàâà

ßêùî (A, d) � dg-àëãåáðà, òî (DerA, [-, d ]) � dg-àëãåáðà Ëi.



Homology

In a chain complex

C =
(
· · · ∂n+1−→ Cn

∂n−→ Cn−1
∂n−1−→ · · · ∂2−→ C1

∂1−→ C0
∂0−→ · · ·

)
the composition of any two consecutive boundary operators is
trivial: ∂n ◦ ∂n+1 = 0. Equivalently im(∂n+1) ⊆ ker(∂n), where
im(∂n+1) denotes the image of the boundary operator and ker(∂n)
its kernel. Elements of Bn(C ) = im(∂n+1) are called boundaries and
elements of Zn(C ) = ker(∂n) are called cycles. The quotient

Hn(C ) := ker(∂n)/im(∂n+1) = Zn(C )/Bn(C ),

is called the nth homology object of C . In Ab the elements of
Hn(C ) are called homology classes. Each homology class is an
equivalence class over cycles and two cycles in the same homology
class are said to be homologous. A chain complex is said to be
exact if the image of the (n+1)th map is always equal to the kernel
of the nth map. The homology groups of C therefore measure �how
far� the chain complex is from being exact.



Cohomology

Cohomology groups are formally similar to homology groups: one
starts with a cochain complex; then the groups ker(dn) = Zn(C ) of
cocycles and im(dn−1) = Bn(C ) of coboundaries follow from the
same description. The nth cohomology group of C is then the
quotient group

Hn(C ) = Zn(C )/Bn(C ),

in analogy with the nth homology group.



Ïðî¹êòèâíèé ìîäóëü

Ìîäóëü P íàä êiëüöåì R (ÿê ïðàâèëî, ââàæà¹òüñÿ àñîöiàòèâíèì
ç îäèíè÷íèì åëåìåíòîì), íàçèâà¹òüñÿ ïðî¹êòèâíèì, ÿêùî äëÿ
áóäü-ÿêîãî ãîìîìîðôiçìà g : P → M i åïiìîðôiçìà
f : N . M iñíó¹ òàêèé ãîìîìîðôiçì h : P → N, ùî g = f ◦ h,
òîáòî äàíà äiàãðàìà ¹ êîìóòàòèâíîþ:

P

N
f

.

∃h

← M

g
↓

Âïðàâà

Ìîäóëü P ¹ ïðî¹êòèâíèì òîäi i òiëüêè òîäi, êîëè iñíó¹ òàêèé
ìîäóëü K , ùî ïðÿìà ñóìà F = P ⊕ K ¹ âiëüíèì ìîäóëåì.



Çàóâàæåííÿ

P ¹ ïðî¹êòèâíèì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî
åïiìîðôiçìà f : N → M iíäóêîâàíèé ãîìîìîðôiçì
f∗ : Hom(P,N)→ Hom(P,M) òåæ ¹ åïiìîðôiçìîì.

Âïðàâà

P ¹ ïðî¹êòèâíèì òîäi i òiëüêè òîäi, êîëè âií ïåðåâîäèòü áóäü-ÿêó
êîðîòêó òî÷íó ïîñëiäîâíiñòü 0→ A→ B → C → 0 â òî÷íó
ïîñëiäîâíiñòü 0→ Hom(P,A)→ Hom(P,B)→ Hom(P,C )→ 0.

Âïðàâà

Ìîäóëü P ¹ ïðî¹êòèâíèì òîäi i òiëüêè òîäi, êîëè êîæíà êîðîòêà
òî÷íà ïîñëiäîâíiñòü ìîäóëiâ âèäó

0→ A→ B
f−→ P → 0

ðîçùåïëþ¹òüñÿ. Òîáòî äëÿ âiäîáðàæåííÿ f : B → P íà äiàãðàìi
iñíó¹ âiäîáðàæåííÿ h : P → B , òàêå ùî f ◦ h = idP . Ó öüîìó
âèïàäêó h(P) ¹ ïðÿìèì äîäàíêîì ìîäóëÿ B , h ¹ içîìîðôiçìîì
iç P íà h(P), à h ◦ f ¹ ïðî¹êöi¹þ íà h(P).



Ïðî¹êòèâíèé îá'¹êò
Îá'¹êò P ó êàòåãîði¨ C íàçèâà¹òüñÿ ïðî¹êòèâíèì ÿêùî äëÿ
äîâiëüíîãî åïiìîðôiçìà f : N � M i ìîðôiçìà g : P → M,
iñíó¹ ìîðôiçì h : P → N äëÿ ÿêîãî f ◦ h = g , òîáòî iñíó¹
êîìóòàòèâíà äiàãðàìà:

P

N
f

.

∃h

← M

g
↓

Åïiìîðôiçì ó êàòåãîði¨ � ìîðôiçì f : X → Y , äëÿ ÿêîãî iç
áóäü-ÿêî¨ ðiâíîñòi g1 ◦ f = g2 ◦ f âèïëèâà¹, ùî g1 = g2.
Ó ëîêàëüíî ìàëié êàòåãîði¨ C P ¹ ïðî¹êòèâíèì ÿêùî i òiëüêè
ÿêùî ôóíêòîð Hom(P,−) : C → Set çáåðiãà¹ åïiìîðôiçìè.

Çàóâàæåííÿ

Íåõàé C � ëîêàëüíî ìàëà àáåëåâà êàòåãîðiÿ. Ó öüîìó âèïàäêó
îá'¹êò P ∈ C ¹ ïðî¹êòèâíèì ÿêùî Hom(P,−) : C → Ab
¹ òî÷íèì ôóíêòîðîì.



Âïðàâà

Êîæíà ïîñëiäîâíiñòü âèäó 0→ U → V → P → 0 ¹ òî÷íîþ ó C
òîäi i òiëüêè òîäi êîëè âîíà ðîçùåïëþ¹òüñÿ, òîáòî V ¹
içîìîðôíèì ïðÿìié ñóìi U ⊕ P .

Îçíà÷åííÿ
Íåõàé A � àáåëåâà êàòåãîðiÿ. Êàæóòü, ùî A ìà¹ äîñòàòíüî
ïðî¹êòèâíèõ îá'¹êòiâ ÿêùî äëÿ êîæíîãî îá'¹êòà A ó A iñíó¹
ïðî¹êòèâíèé îá'¹êò P ó A i åïiìîðôiçì p : P → A.

Çàóâàæåííÿ

Òâåðäæåííÿ ïðî òå, ùî âñi ìíîæèíè ¹ ïðî¹êòèâíèìè îá'¹êòàìè
¹ åêâiâàëåíòíèì àêñiîìi âèáîðó.



Ií'¹êòèâíèé îá'¹êò

Îá'¹êò Q êàòåãîði¨ C íàçèâà¹òüñÿ ií'¹êòèâíèì, ÿêùî äëÿ
áóäü-ÿêîãî ìîðôiçìà g : M → Q i áóäü-ÿêîãî ìîíîìîðôiçìà
f : M ⊂ → N iñíó¹ (íå îáîâ'ÿçêîâî ¹äèíèé) ìîðôiçì
h : N → Q, äëÿ ÿêîãî h ◦ f = g :

Q

N ← f ⊃

∃h →

M

g
↑

Ìîíîìîðôiçì � ìîðôiçì f : X → Y , äëÿ ÿêîãî iç áóäü-ÿêî¨
ðiâíîñòi f ◦ g1 = f ◦ g2 âèïëèâà¹, ùî g1 = g2.
Ó ëîêàëüíî ìàëèõ êàòåãîðiÿõ, îá'¹êò Q ¹ ií'¹êòèâíèì òîäi i
òiëüêè òîäi êîëè êîíòðàâàðiàíòíèé ôóíêòîð C(−,Q) ïåðåâîäèòü
ìîíîìîðôiçìè ó C ó ñþð'¹êòèâíi âiäîáðàæåííÿ ìíîæèí.


