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Differential graded algebras

A differential graded algebra (or simply dg-algebra) A is a complex
of k-modules [equipped with a map d: A — A which is either
degree 1 (cochain complex convention) or degree —1 (chain
complex convention), d o d = 0] and a graded algebra that satisfies
the condition:

(a-b)d = (—1)%e(®)(ad) - b+ a- (bd), where deg is the degree of
homogeneous elements. This says that the differential d respects
the graded Leibniz rule.

For the case of cochain complexes we also speak of cochain
algebras.

For the case of chain complexes we also speak of chain algebras.
A more succinct way to state the same definition is to say that a
dg-algebra is a monoid object in the monoidal category of
(co)chain complexes. A dg-morphism between dg-algebras is a
(co)chain map which respects the multiplication.

A differential graded augmented algebra (also called an augmented
dg-algebra) is a dg-algebra equipped with a dg-morphism to the
ground ring k (the terminology is due to Henri Cartan).



Tensor product of differential graded algebras

If A, A" are two dg-algebras, then A ® A’ is a dg-algebra with

(a@ d)(bo b) = (-1)"Plap & a'b’

for homogeneous a,b € A, a',b' € A'.

If £, are augmentations of A and A’ respectively, then e ® €’ is an
augmentation of A® A’.

A graded algebra A is said to be graded commutative if

ab = (—1)I2lIPl pa for each pair, a, b, of elements of A of
homogeneous degree.

Commutativity is preserved by tensor product.



[Mprknagu rpafyiioBaHO-KOMYTaTUBHUX anredp

1. 3oeHiwHs anrebpa A°M = T*M/(u ® u),em k-mopyns M, ge
M posrnsigaemo sk rpagyiiosanunii k-mogynb, 30cepegxeHnii B
cTeneHi 1.

2. na posinbHoro rpagyiiosaroro k-mogyna M = M, maemo
CUMETPUYHY anredpy

SIM)=TM/(a®@ b— (=)Pb®a,c®c|a,be M, ce Myq)
= S(Meven) & /\(Modd)y

e S i A - 3BM4aiiHi CUMEeTpryHa i 30BHIWHS anrebpa.

Bnpaga

S(M@ N) = 5(M) @ S(N).



NundbeperuitoBaHHs

O3HauveHHs

Hexaii f,g : A— B — romomopdizmn rpagyiiosaHux anrebp.

(f, g)-BudpeperujitoBaHHsM Ha3uBaeTbCst K-niniliHe BigobparkeHHst
& . A — B neBHOro crenensi, Take, wo

(ab)e = (a)f - (b)E + (-)*(a)¢ - (b)g,  Va,beA.

[papyiiosanuii k-mopyne (f, g)-andpepeHuitoBanb no3HaveHnii
Der(A, B)(f, g).

Bnpaga
Ona M € gr i rpagyiiosaHoi anrebpu B
& &lm
Der(TM, B)(f,g) = gr(M, B).

P 1



[udpepeHuitoBaHHS 30BHIWHBOT anrebpu

Hexaii A — gr-anrebpa, nogana sik dpakTop
m: TM —> TM/I = A. lns romomopdiamie rpagylioBaHunx
anrebp f,g : A— B maemo

Der(TM/1,B)(f,g) C Der(TM, B)(m - f,m - g) = gr(M, B),

3BigKM

Der(TM/1, B)(f, g) = {1 € gr(M, B). | (1) = 0}.

Bnpaga

3Haiitn BCi (ida, ida)-AndepeHLitoBaHHS 30BHILLHBLOT anrebpu
A =SM(= AM), M = M. 3naiitn Bci andpeperuiann creneqs —1.

3afava

3naiitu Bci (ida, ida)-aundeperuitoBatHs cTenenst —1 cuMeTprUYHOT
anrebpn A = SM pgna M,, 3ocepep>xeHoro B crenensx 1 i 2.
3HaiiTn BCi gndpepenuiann crenens —1.



Mpvknag andeperuianbHnx opm

M — rnagknii muoroeug, A = Q°*(M) — konaHuytoroea anrebpa
rnagkux gudpepenuianshux opm Ha M. Jluwe pns

0 < k < dim M maemo QK(M) # 0. Qudbepenuian

d : QK(M) — QK*1(M) - pudpepenvian ge Pama. Jxwo M = R”,
T0 QK(R") = AE(R™) ®g C®(R"). OTxe, nokansHo
aucbepeHLianbHi POpMU BAALUTOBAHI SIK 30BHILLHI CTEMEHI.

BulieHaseaeHi TBepaKeHHs Npo andbepeHLitoBaHHA CTOCYIOTLCS He
AMLwe acouiaTueHnx anrebp 3 1

Bnpasga: (1)d = 0.

asne i HeacouiaTuBHUX anrebp, Hanpuknag, rpagyiioBaHux anrebp

Ji.
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Bnpasu

Hexaili A — sikacb rpagyiliosaHa anrebpa,

a = Der A = Der(A, A)(ida,ida) — rpagyiiosanuii k-mogynb ii
aucbepeHLiloBaHb.

Bnpaga

a pasom 3 komyTaTtopom [€,7] = & -1 — (=1)%y - &

€ rpagyiiosaHoto anrebpoto Jli.

Migkaska: cno4aTKy po3risiHyTH

Bnpaga

A 3 HynboBuM MHOXeHHsM. Toai Der A = gr(A, A)
€ rpagyiiosaHoto anrebpoto Jli.

Bnpaga
Akwo (A, d) — dg-anrebpa, to (Der A, [-, d]) — dg-anrebpa Jli.



Homology

In a chain complex

C:(...a"_+§ LN R S NG R N N )

the composition of any two consecutive boundary operators is
trivial: 9p 0 Op41 = 0. Equivalently im(0p+1) C ker(9p), where
im(0p+1) denotes the image of the boundary operator and ker(9,)
its kernel. Elements of B,(C) = im(0p+1) are called boundaries and
elements of Z,(C) = ker(9,) are called cycles. The quotient

H(C) = ker(9p)/im(dn+1) = Zn(C)/Bn(C),

is called the nth homology object of C. In Ab the elements of
Hn(C) are called homology classes. Each homology class is an
equivalence class over cycles and two cycles in the same homology
class are said to be homologous. A chain complex is said to be
exact if the image of the (n+1)th map is always equal to the kernel
of the nth map. The homology groups of C therefore measure “how
far” the chain complex is from being exact.



Cohomology

Cohomology groups are formally similar to homology groups: one
starts with a cochain complex; then the groups ker(d") = Z"(C) of
cocycles and im(d™ 1) = B"(C) of coboundaries follow from the
same description. The nth cohomology group of C is then the

quotient group
H"(C) = 2"(C)/B"(C),

in analogy with the nth homology group.



[MpoekTnBHNI MOgyNb

Moaynb P Hapg kinbuem R (siKk npaBuno, BBAaXKaETLCS aCOLiaTUBHUM
3 OAVHUYHUM €/IEMEHTOM), HA3NBAETHCS NMPOEKTUBHUM, SIKLLO ANst
byab-sikoro romomopdiama g: P — M i enimopdiama

f: N — M icnye Taknii romomopdiam h: P — N, wo g = f o h,
TobOTO faHa fiarpama € KOMyTaTUBHOH):

P
Jh
jg
N oM

Bnpaga
Mogynb P € npoeKTUBHUM TOAI | TIILKA TOAI, KOMM ICHYE TaKunii
moaynb K, wo npsama cyma F = P ® K € BiibHUM mogynem.



3ayBaXKeHHs

P € npoekTuBHUM TOgj i TilbKK TOgi, KOAU Ans Byab-siKoro
enimopdpizma f: N — M ingykosaHuii romomopdism
f.: Hom(P, N) — Hom(P, M) Tex € enimopdpiamom.

Bnpaga

P € npoekTnBHUM TOAI | TiINIbKN TOAI, KOAU BiH NepeBoanTs byas-siky
KOPOTKY TOYHY nochigoeHicte 0 - A — B — C — 0 B TouHy
nocnigosricte 0 — Hom(P, A) — Hom(P, B) — Hom(P, C) — 0.

Bnpaga

Mogynb P € npoeKTUBHUM TOAI | TIbKKA TOAI, KOJIM KOXKHA KOPOTKA
TOYHa NOCMIJOBHICTb MOAYAIB BUAY

0A-B 5L PO

po3wennoeTsca. TobTo ana eigobpaxkenus f : B — P Ha giarpami
icHye BigobpaxerHs h: P — B, Take wo f o h = idp. Y ubomy
sunagky h(P) e npsamum goparkom mogynsi B, h e isomopdizmom
i3 P Ha h(P), a ho f € npoekuieto Ha h(P).



[MpoekTnBHNI 00 €KT
O6’'ekT P y kaTeropii C Ha3nBaETHCA MPOEKTUBHUM SIKLLO OJ1S
noBinbHOro enimopdpiama 7@ N — M i mopdisma g : P — M,
icHye mopcpiam h: P — N pnsa sikoro f o h = g, T0bTO icHye
KOMYyTaTWBHA Aiarpama:
3h J
g

N oM

Enimopdizm y kaTeropii — mopcpiam £ : X — Y, ans sikoro i3
Byab-skoi piBHOCTI g1 o f = go o f BUNAMBAE, WO g1 = L.

V nokanbHo maniii kateropii C P € NpOEKTUBHUM SIKLLO | TiIbKY
skwo dyHktop Hom(P, —): C — Set 3bepirae enimopdiamu.

3ayBaxkeHHs

Hexaii C — nokansHo mana abenesa kaTeropisi. Y ubOMy BMNagKy
06'ext P € C e npoektusHum sikwo Hom(P,—): C — Ab
€ TOYHUM PYHKTOPOM.



Bnpaga

KoxHa nocnigosHicts Bugy 0 - U — V — P — 0 € Tounoro y C
TOLi | TINbKN TOAI KOAM BOHA PO3LLEntoeTbCs, TobTo V €
isoMmopchpHuM npsimiii cymi U & P.

OsHayveHHs

Hexaili A — abenesa kaTeropis. KaxyTs, wo A Mae foctaTHbo
NPOEKTUBHUX 0B EKTIB AKLLO ANA KoKHOro ob’'ekta Ay A icHye
npoekTusHuii 06’ekt Py A i enimopdizm p: P — A.

3ayBaXKeHHs

TeepIpKeHHSA Npo Te, L0 BCIi MHOXWHU € MPOEKTUBHUMU 06’ ekTamu
€ eKBIBaJIEHTHUM akcioMmi Bubopy.



|H' eKTUBHUA OO eKT

Ob6’ekt @ kaTeropii C Ha3MBAETLCS IH EKTUBHIM, SKLLO ANS
byab-sikoro mopdpizma g : M — Q i byab-sakoro moHomopdisma
f: M —— N ichye (He 0b60B’'a3k0BO €ANHMI) MOpPDI3M

h: N — Q, gna skoro hof = g:

Q
3h
]g
N<—fDM

Monomopdpiam — mopdiam 1 X — Y, ans sikoro i3 byab-skoi
piBHocTI f o g1 = f o g» BUNAMBAE, WO g1 = L.

V nokanbHO Manux kKateropisx, o6’ekT @ € iH'eKTMBHUM Togi i
TibKM TOAI KON KOHTpaBapiaHTHuli pyrkTop C(—, Q) nepesoanTb
mMoHomopdizmu y C y Clop'€KTUBHI BigoOPaXKeHHS! MHOXUH.



