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Closed symmetric monoidal category

A symmetric monoidal category C is closed if for all objects b ∈ C
the functor b ⊗− : C → C has a right adjoint functor

C(b,−) : C → C.
This means that for all a, b, c ∈ C we have a natural bijection

C(b ⊗ a, c) ' C(a, C(b, c)) ,

natural in all arguments.

The object C(b, c) is called the internal hom of b and c .
The evaluation morphism ev : b ⊗ C(b, c)→ c corresponds to

idC(b,c).



k � êîìóòàòèâíå êiëüöå ç îäèíèöåþ.

(k-Mod,⊗k, k, c : X ⊗k Y → Y ⊗k X , x ⊗ y 7→ y ⊗ x) �

ñèìåòðè÷íà ìîíî¨äàëüíà êàòåãîðiÿ k-ìîäóëiâ. Âîíà çàìêíåíà ç

âíóòðiøíiì hom`îì

k-Mod(X ,Y ) = {k-ëiíiéíi âiäîáðàæåííÿ X → Y }

i âçÿòòÿì çíà÷åííÿ

ev : X ⊗k k-Mod(X ,Y )→ Y , x ⊗ f 7→ (x)f .



Òåíçîðíå ìíîæåííÿ ãðàäóéîâàíèõ ìîäóëiâ

gr = gr -k-Mod îçíà÷à¹ Z-ãðàäóéîâàíi k-ìîäóëi
X = X • = (X n)n∈Z (àáî X = X• = (Xn)n∈Z). Öå ñèìåòðè÷íà
ìîíî¨äàëüíà êàòåãîðiÿ ç òåíçîðíèì äîáóòêîì X ⊗ Y

(X ⊗ Y )n =
⊕

k+l=n

X k ⊗k Y
l , (X ⊗ Y )n =

⊕
k+l=n

Xk ⊗k Yl ,

îäèíè÷íèì îá'¹êòîì k (çîñåðåäæåíèì â ñòåïåíi 0), ñèìåòði¹þ

c : X ⊗ Y → Y ⊗ X . Äëÿ îäíîðiäíèõ åëåìåíòiâ x ∈ X k , y ∈ Y l

(x ∈ Xk , y ∈ Yl) ñòåïåíÿ deg x = k , deg y = l , ìà¹ìî

c(x ⊗ y) = (−1)kly ⊗ x = (−1)deg x ·deg yy ⊗ x = (−)xyy ⊗ x .



Çàìêíåíiñòü êàòåãîði¨ ãðàäóéîâàíèõ ìîäóëiâ

Êàòåãîðiÿ gr çàìêíåíà ç âíóòðiøíiì hom`îì gr(X ,Y )

gr(X ,Y )n =
∏

l−k=n

k-Mod(X k ,Y l), gr(X ,Y )n =
∏

l−k=n

k-Mod(Xk ,Yl)

f = (f k)k∈Z, f = (fk)k∈Z,

i âçÿòòÿì çíà÷åííÿ

ev : X ⊗ gr(X ,Y )→ Y , x ⊗ f 7→ (x)f k , äå deg x = k .

Tensor product of homogeneous mappings f : X → Y , g : U → V
between graded k-modules means the following mapping

X ⊗ U → Y ⊗ V of the degree deg f + deg g :

(x ⊗ u).(f ⊗ g) = (−1)deg u·deg f x .f ⊗ u.g = (−1)uf x .f ⊗ u.g .



dg = dg -k-Mod = Ch• àáî Ch• îçíà÷à¹ êîìïëåêñè k-ìîäóëiâ =

Z-ãðàäóéîâàíi k-ìîäóëi X , îñíàùåíi äèôåðåíöiàëîì

d ∈ gr(X •,X •)1 àáî d ∈ gr(X•,X•)−1 ç óìîâîþ d2 = 0, òîáòî

. . .
d−→ X n−1 d−→ X n d−→ X n+1 d−→ . . . , . . .

d−→ Xn+1
d−→ Xn

d−→ Xn−1
d−→ . . .

Ìîðôiçìè = ëàíöþãîâi âiäîáðàæåííÿ f : X → Y = êîìóòàòèâíi

äðàáèíè

. . .
d→ X n−1 d→ X n d→ X n+1 d→ . . .

= =

. . .
d→ Y n−1

f n−1

↓
d→ Y n

f n↓
d→ Y n+1

f n+1

↓
d→ . . .

. . .
d→ Xn+1

d→ Xn
d→ Xn−1

d→ . . .

= =

. . .
d→ Yn+1

fn+1↓
d→ Yn

fn↓
d→ Yn−1

fn−1↓
d→ . . .

Êàòåãîði¨ Ch• i Ch• içîìîðôíi çàâäÿêè içîìîðôiçìó

ïåðåíóìåðóâàííÿ X • 7→ X• = (Xn = X−n)n∈Z,
f • 7→ f• = (fn = f −n)n∈Z. Òîìó äîñòàòíüî ãîâîðèòè ïðî Ch•.



Êàòåãîðiÿ dg ìîíî¨äàëüíà: X ⊗ Y ∈ gr îñíàùó¹òüñÿ
äèôåðåíöiàëîì d ⊗ 1 + 1⊗ d .
Çàñòåðåæåííÿ:

(x ⊗ y).(d ⊗ 1 + 1⊗ d) = (−1)y (x .d)⊗ y + x ⊗ (y .d). Îäèíè÷íèé
îá'¹êò = k çîñåðåäæåíèé â ñòåïåíi 0. Êàòåãîðiÿ dg ñèìåòðè÷íà:

ñèìåòðiÿ c : X ⊗ Y → Y ⊗ X çáiãà¹òüñÿ ç ñèìåòði¹þ â gr.
Âïðàâà: ñèìåòðiÿ ¹ ëàíöþãîâèì âiäîáðàæåííÿì.

Êàòåãîðiÿ dg çàìêíåíà ç âíóòðiøíiì hom`îì

dg(X ,Y ) = gr(X ,Y ) îñíàùåíîìó äèôåðåíöiàëîì

(f )d = f · dY − (−)f dX · f .
Âïðàâà: d2 = 0.
Âiäîáðàæåííÿ âçÿòòÿ çíà÷åííÿ ev : X ⊗ dg(X ,Y )→ Y áåðåòüñÿ

ç gr.
Âïðàâà: ev � ëàíöþãîâå âiäîáðàæåííÿ.

Äëÿ ∀ êîìïëåêñà X ïîçíà÷èìî (êî)öèêëè i (êî)ìåæi

ZnX = Ker(d : X n → X n+1) ⊃ BnX = Im(d : X n−1 → X n).

Çîêðåìà, Z 0dg(X ,Y ) = dg(X ,Y ).



Recall that fAb ⊂ Ab is the full subcategory of �nitely generated

free abelian groups. The symmetric monoidal category (fAb,⊗Z,Z)
is rigid. The dual object functor is a contravariant self-equivalence

-∨ : fAbop → fAb, M 7→ M∨ = Ab(M,Z),

f =
(
(fij)

n m
i=1 j=1 : Zn → Zm

)
7→ f ∨ = t f

=
(
(t fji )

m n
j=1 i=1 = (fij)

m n
j=1 i=1 : (Zm)∨ = Zm → (Zn)∨ = Zn

)
Using it we de�ne an action

Hom =
(
fAbop×A -

∨×1→ fAb×A ⊗−→ A
)
, (M,X ) 7→ M∨ ⊗ X .

Restricting the consideration to the full skeletal subcategory of fAb
spanned on Zn, n > 0, we get Hom(Zn,X ) = X n,

Hom(Zn, g : X → Y ) = gn : X n → Y n,

Hom
(
(fij)

n m
i=1 j=1 : Zn → Zm,X

)
= (fij)

m n
j=1 i=1 : Xm → X n. The two

actions of fAb on A are adjoint: for all M ∈ fAb there is a bijection

A(M ⊗ A,B) ∼= A(A,Hom(M,B)),

natural in A,B ∈ A, M.



Action of bounded complexes
We extend functor Hom to the action of bounded complexes

Chb(fAb)

Hom : Chb(fAb)op × Ch(A)→ Ch(A),

(F•,C•) 7→ Hom(F ,C )•,

Hom(F ,C )l =
⊕

i∈suppF

Hom(Fi ,Ci+l),

where suppF = {i ∈ Z | Fi 6∼= 0}, and the di�erential

d : Hom(F ,C )l → Hom(F ,C )l−1 is given by⊕
i∈suppF

Hom(Fi , d)

− (−1)l
∑

i∈suppF∩(suppF−1)

pri ·

[Hom(d ,Ci+l) : Hom(Fi ,Ci+l)→ Hom(Fi+1,Ci+l)] · ini+1 .



Representing object
Let X vary over A. Given F• ∈ Chb(fAb), C• ∈ Ch(A) consider the

functor

Aop → Ab, X 7→ Z0A(X ,Hom(F ,C )).

For complexes F• = ∧[•]Z[n] ∈ Ch[0,n](fAb) this functor is

representable by an object of A denoted Z0 Hom(F ,C ):

Z0A(X ,Hom(F ,C )) ∼= A(X ,Z0 Hom(F ,C )). (1)

In fact,

[A(X ,Hom(∧[_]Z[n],C ))0]k

= {(xi0...ik : X → Ck)i0...ik | 0 6 i0 < · · · < ik 6 n},

Z0A(X ,Hom(∧[_]Z[n],C )) =

{(xi0...ik )06k6n
i0...ik

∈ A(X ,Hom(∧[_]Z[n],C )0) |

xi0...ik .d =
k∑

j=0

(−1)k−jx
i0...îj ...ik

∀k , i0, . . . , ik}, (2)



We separate variables xi0...ik into two kinds: variables with ik = n
we consider as parameters and variables with ik < n we consider as

linear functions of these parameters:

xi0...ik = xi0...ikn.d +
k∑

j=0

(−1)k−jx
i0...îj ...ikn

. (3)

Exercise

From d2 = 0 deduce that substitution (3) turns all equations from

(2) into identities.

Therefore, (3) provides natural isomorphism (1) in Ab with

Z0 Hom(∧[_]Z[n],C ) =
n⊕

k=0

Hom

( ⊕
06i0<···<ik=n

Z,Ck

)

=
n⊕

k=0

e(k)=n⊕
e:[k]↪→[n]∈∆

Ck .



Let us �nd a right adjoint functor K : Ch>0(A)→ SA to the

equivalence N : SA → Ch>0(A). For A ∈ SA, C ∈ Ch>0(A) we

have

Ch>0(A)(NA,C ) = Ch>0(A)

(∫ [p]∈∆

∧[_]Z[p] ⊗ Ap,C
)

=
{

(hp : ∧[_]Z[p] ⊗ Ap → C )p>0 | hp = (hpk)k>0 ∈ Ch>0(A),

∀f : [m]→ [n] ∈ ∆, k > 0

∧[k]Z[m] ⊗ An
1⊗A(f op)→ ∧[k]Z[m] ⊗ Am

=

∧[k]Z[n] ⊗ An

∧[k]Ψ(f )⊗1↓
hnk → Ck

hmk↓

}
,

which is in bijection with elements of

Z0SA(A∗,Hom(∧[•]Z[∗],C•)) ∼= SA(A∗,Z0 Hom(∧[•]Z[∗],C•)),

where the simplicial structure of Hom(∧[•]Z[∗],C•) and

Z0 Hom(∧[•]Z[∗],C•) comes from the cosimplicial structure of

∧[•]Z[∗]. So we de�ne K : Ch>0(A)→ SA via

(KC )∗ = Z0 Hom(∧[•]Z[∗],C•) and this functor is right adjoint to

the equivalence N. Hence, K is an equivalence, quasi-inverse to N.


