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Closed symmetric monoidal category

A symmetric monoidal category C is closed if for all objects b € C
the functor b® — : C — C has a right adjoint functor
C(b,—):C—C.

This means that for all a, b, c € C we have a natural bijection

C(b®a,c) ~C(a,C(b,0)),

natural in all arguments.
The object C(b, c) is called the internal hom of b and c.
The evaluation morphism ev : b ® C(b, ¢) — ¢ corresponds to

ide(b,c)-



k — KoMyTaTuBHE KifbLEe 3 OANHNLELD.

(k-Mod, @i, k,c: X ® Y = YR X, xQy = y R x) -
CMMETPUYHA MOHOIgaNbHa KaTeropis k-moaynie. BoHa 3amkHena 3
BHYTpiWwHiM hom‘om

k-Mod(X, Y) = {k-niniiiti sigobpaxenus X — Y}
| B3ATTAM 3HAYEHHSN

ev: X @k k-Mod(X,Y) =Y, x&f— (x)f.



TeH30pHE MHOXEHHSI rpafyioBaHNX MOAY/iB

gr = gr-k-Mod o3Havae Z-rpaayiiosani k-moayni
X =X* = (X")pez (abo X = X, = (Xn)nez). Le cumetpuyna
MOHOIZa/IbHa KaTeropisi 3 TeH30pHUM AobyTkom X ® Y

XoY)y=@ xfa Y, XY= P XV,
k+1=n k+I=n

ognHn4Hnm 0ob’'ektom k (3ocepemxernm B creneti 0), cumeTpieto
c: X®Y = Y®X. Ans ogHopigHux enemenTis x € Xk, y e Y/
(x € Xk, y € Y)) crenens deg x = k, degy = /, maemo

c(x@y) = (-1)My @ x = (-1)* 9By @ x = (—-)Yy @ x.



3aMKHEeHICTb KaTeropii rpaflyfioBaHux Momynis

KaTeropis gr 3amkHeHa 3 BHYTpiwHiM hom‘om gr(X, Y)

gr(X, V)" = [ kMod(X*,Y'), gr(X,Y), = k-Mod(Xx, )
I—k=n I—k=n
f= (e, f = (fi)kez,

| B3ATTAM 3HaYeHHS
ev: X®@grX,Y) =Y, x®f— (x)ff, ge degx=k.

Tensor product of homogeneous mappings f : X — Y, g: U —> V
between graded k-modules means the following mapping
X®U— Y ®V of the degree deg f + deg g:

(x@u).(fog)=(-1)%e"delx f @ ug=(-1)"x.fRug.



dg = dg-k-Mod = Ch* abo Ch, o3Hauae komnnekcn k-mogynis =
Z-rpapyiiosani k-mogyni X, ocHauweHi andepeHuianom
de g(X',X')1 abo d € gr(X,, X,)_1 3 ymoBoto d? =0, TobTo0
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Mopdizmu = nanutorosi sigobpaxkenusi f : X — Y = komyTaTuBHi
apabuu
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KaTeropii Ch* i Ch, izomopdHi 3aBasku isomopdizmy
nepeHymepyBattsa X* — X, = (X, = X7 ")pez,
fe > f, = (f, =~ ")pez. Tomy poctaTHbo rosoputn npo Che.



Kareropia dg monoigantHa: X ® Y € gr ocHawyeTbCs
aucpeperuianom d ® 1+ 1®d.

3acTepexxeHHs:

(x®y)(d®l+led)=(-1)(x.d)®@y+x® (y.d). OguHnyHnii
o6’ekt = k 30cepepxennii B cteneni 0. Kateropis dg cumetpuryna:
cumeTpisi ¢ : X ® Y — Y ® X 3biraetbcst 3 cumeTpieto B gr.
Bnpaga: cumeTpis € NaHUIOroBUM BiLODPa>keHHSIM.

KaTeropis dg 3amkHeHa 3 BHyTpiwHiM hom‘om

dg(X,Y) = gr(X, Y) ocHaweromy audbeperuianom

(f)d =f-dy — (—)fdx - f.

Bnpasga: d? = 0.
BigobpaxenHs B3sTTA 3HadeHHs ev : X ® dg(X, Y) — Y bepeTbcs
3 gr.

Bnpaga: ev — nanutorose Bigobpa>keHHs.
Ons V komnnekca X nosHauumo (ko)uukiau i (ko)mexi

Z"X = Ker(d : X" — X™1) 5 B"X = Im(d : X"} = X").

3okpema, Z0%dg(X,Y) = dg(X,Y).



Recall that fAb C Ab is the full subcategory of finitely generated
free abelian groups. The symmetric monoidal category (fAb, ®7z,7Z)
is rigid. The dual object functor is a contravariant self-equivalence

-V fAB®P — fAD, M — MY = Ab(M, Z),
f= ((fu): 1J 1: 2" %Z’”) — Y = tf

Using it we define an action

Y
Hom = (fAb% x A % fAbxA 2 A), (M, X) > MY @ X.

Restricting the consideration to the full skeletal subcategory of fAb
spanned on Z", n > 0, we get Hom(Z", X) = X",

Hom(Z", g'X—> Y)=g": X"—=Y",

Hom ()7 122" — — 2™ X) = (fj)2121 : X™ — X" The two
actions of fAb on A are adjoint: for all M € fAb there is a bijection

AM® A, B) = A(A,Hom(M, B)),
natural in A, B € A, M.



Action of bounded complexes

We extend functor Hom to the action of bounded complexes
Chp(fADb)

Hom : Chy(fAb)°P x Ch(A) — Ch(A),
(F., C,) — Hom(F, C).,

Hom(F,C);= &5 Hom(F;, Ciyy),
i€supp F

where supp F = {i € Z | F; 2 0}, and the differential
d : Hom(F, C); — Hom(F, C),_1 is given by

&P Hom(F;,d)

i€supp F

- (—1)/ Z pri -

i€supp FN(supp F—1)
[Hom(d, Ciy) : Hom(F;, Ciyj) — Hom(Fiy1, Giyy)] - injy1.



Representing object

Let X vary over A. Given F, € Chy(fAb), C, € Ch(A) consider the
functor

AP S Ab, X ZoA(X, Hom(F, C)).
For complexes F, = Allzl"l ¢ Chio,n)(fAb) this functor is
representable by an object of A denoted Zy Hom(F, C):
ZoA(X,Hom(F, C)) = A(X, Zo Hom(F, C)). (1)

In fact,

[A(XaM(A[_]Z[n]a C))O]k
= {(Xip...ix. 1 X = C)ip.ip 10<ip <-++ < i < n},

ZoA(X, Hom(AlL1zZIM €)y =
{(%...i k=" € A(X, Hom(A1ZI), €)) |

lo-.-Ik
k

Xio---fk‘d = Z(—l)k_jxio.“;}”’.ka i, - Ik} (2)
j=0



We separate variables x;,_j into two kinds: variables with iy = n
we consider as parameters and variables with i, < n we consider as
linear functions of these parameters:

k
X,'Om,'k:X,'Om,'kn.d-l-Z(—l)ki'lX- oL (3)

I0---1j... 1N
Jj=0

Exercise

From d? = 0 deduce that substitution (3) turns all equations from
(2) into identities.

Therefore, (3) provides natural isomorphism (1) in Ab with

Zo Hom(AHzIM ) = @ Hom( EB Z, Ck>
k=0

0<ip<++<ik=n
e(k)=n

& O o

k=0 e:[k]—[n]€A



Let us find a right adjoint functor K : Ch>o(A) — SA to the
equivalence N : SA — Cho(A). For A€ SA, C € Ch>o(A) we
have

[pleA
Chso(A)(NA, C) = Chso(A) </ AIZIP & A, C)

= {(h": AIZPL @ A, — C)pso | BP = (h))k0 € Chso(A),

AWK ZIm g A AL Kglml o A
W ilml (€A k>0 |awnen = |

I7

AKzIn @A, —F 5 ¢
which is in bijection with elements of
ZoSA(A., Hom(Al1ZM | C,)) = SA(A,, Zy Hom(AFIZF C,)),

where the simplicial structure of Hom(AlMZ C,) and

20 M(A[']Z[*], C,) comes from the cosimplicial structure of
AlIZH . So we define K : Choo(A) — SA via

(KC), = Zo Hom(AMZIH | C,) and this functor is right adjoint to
the equivalence N. Hence, K is an equivalence, quasi-inverse to N.




