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Assume given idempotent complete additive category A. For a
simplicial object A viewed as an Ab-functor ZA°" — A we denote
Adi = A(ON)°P A, — A,_1, 0< i < n,

Asi = A(0?)P: Ay — Ani1, 0<j <,

A, = A(TF)P A, — A, The equivalence

SA = Ab-Cat(ZA%, A) M addCat(ZA%P, A)

addCat(add Chxp, A) ~ Ab—Cat(Chgo, A) = Ch>(A) is isomorphic
to the functor

SA— Ch)g(A),
A (Aﬂk,l cAdy - Ao
Im(mx—1: Ak = Ak) = Im(mk—2 1 Ak—1 — Ak—1) | k= 1),
(f:A— B)— (Amk—1 - fx - Bmk—1)k>o0- (1)

Let us represent this equivalence in another form.



Consider the cosimplicial topological simplex

Auop : [n] = AL, = {(x0,- -, xn) € R = RLS" | 7o x; = 1),
It assigns to f : [m] — [n] € A the map AT Af,, induced by
the linear map

V(f): R R["], (Yo, -y ¥Ym) = (X0, -, Xn), Xi= Z Y-
jef-1j

2)
View Ag,, as a cellular space, whose cells are non-degenerate
faces. Associate with it the cell complex C]' = C(Af,,) over Z. It
is isomorphic to the exterior algebra A*ZI" = T*ZI" /(u ® u) ezl
over Z, equipped with the differential d : AKZIT — AK=1Z[7] which
is a right derivation (that is,

(wAn)d =wA (nd) + (—1)"(wd) An) determined by the map
d:7ZI" — 7. e +—1,0<i<n The functor [n] — Aezlnl

(f : [m] = [n]) — A*W(f), provides a cosimplicial differential
graded ring A®ZI*l. Here W(f) : ZIm — ZI' is given by (2).
Exercise: Prove directly that A*W(f) are chain maps.

top



Forgetting about the multiplication and the unit we get a functor
ZA — Ch=o(fAb), where fAb is a full subcategory of Ab consisting
of free finitely generated abelian groups. Equivalently, a functor
Ch>g — Ab-Cat(ZA, fAb).

Since A is closed under direct sums, there is an action functor

which we denote by @ : fAb xA — A, (Z",X) — Z" @ X def xn.

(F = (F); 1 Z" — Z™, X) > o1 & (£ - X = X);; € AX", X™),
(2", g - X — Y)|—>1®gd:ef(g”:X”—> Y.

Proposition

Let A: A°P — A be a simplicial object of A. Then for any kK > 0
there exists a coend and a cokernel f[p]EA ATz @ A, =

Coker ((Asj); : /=g Ac—1 — Ax) = Im(Am_1 : A = Ay). The
assignment A — f[p]eA Aozl @ Ap extends to a functor

SA — Chxo(A), isomorphic to (1).



The coend of a functor F : C x C°® — D is written fcec F(c,c),
and comes equipped with a universal extranatural transformation
with components

ceC
te: F(c,c) —>/ F(c,c).
We unwrap the definition of an extranatural transformation.

Definition

Let F:C x C°° — D be a functor. A cowedge e : F — w is an
object w and maps e : F(c,c) — w for each ¢, such that given
any morphism f : ¢ — b € C, the following diagram commutes:

F(e,b) FEEL F(p, b)

F(c,f)l Jeb

F(c,c) ———— w



Coend

Given a cowedge e : F — w and a map f : w — v, we obtain a
cowedge e - f : F — v by composition. We define the coend as
follows:

Definition

Let F:C x C°° — D be a functor. A coend of F is a universal
cowedge, i.e. a cowedge e : F — w such that any other cowedge
e’ : F — w' factors through e via a unique map w — w'.
Notation: fcec F(c,c).

Remark: coend is a particular case of a colimit.



A co-cone of a diagram F : S — D is an object N of C together
with a family of morphisms ¢x : F(X) — N for every object X of
S, such that for every morphism f : X — Y in S, we have

Yy o F(f) = ¥x.

A colimit of a diagram F : & — D is a co-cone (L, ¢) of F such
that for any other co-cone (N, ) of F there exists a unique
morphism v : L — N such that vo ¢x = ¢¥x, VX € S:

X

FY

Colimits are also referred to as universal co-cones. They can be
characterized as initial objects in the category of co-cones from F.
If a diagram F has a colimit then this colimit is unique up to a
unique isomorphism.



Exercise

A coend is a colimit:

ceC B
/ F(c,c) = colimF,

c=

where ObC™ = MorC, a morphism (h, k) : f — g of C™ is the

commutative square in C

a

d
Functor F : C~ — D takes (f : ¢ — b) — F(c
((h,k): f — g)— F(h,k): F(c,b) — F(a,d).

(* \

-
o <0

,b),



Proof of proposition

The coend f[p]eA Ak7ZIPL @ A, is by definition an object Ji of A,
equipped with morphisms i% : AM*kZIPl@ A, — [, such that for
any f : [m] — [n] € A the squares

1RAFP) 14k lm] DA,

| (3)

R

/\1+kZ[m] ® An

Al‘*'k\U(f)@lJ/

SE|

commute and make [, a colimit of the diagram of arrows
/\1+k\ll(f) ® 1 and 1® A(f°P), where f runs over Mor A. If n < k,
then iX = 0. For m = k, n = k — 1, particular cases of (3) take the
form

(51)

(Ao —> Ak4>fk) 0<j<k—1



Exercise
There exists a cokernel in A

k—1
Sk def Coker((Asj)J’.(;Ol : @Ak—l — Ak> = |m(A7Tk_1 A — Ak),
Jj=0

k—1
coker((Asj jl-(z_ol . @Akfl — Ak) = Pry_; : Ak — |m(A7Tk,1).
Jj=0

Ek
Therefore i,’(‘ = (Ak — Sy SN fk) If n > k, we consider m =k
and equation (3) for all subsets 0 < ip < iy < -+ < i, < n, or for
the functions f = xj,..i : [k] = [n], x(j) = ij. We obtain

gy mrix ®1
k=Y (N g A, T e A, = A,

0<ip<in<--<ix<n

Denote by 7 the sum of these compositions ending in Sy.



We shall prove the reduced version of (3), namely,

1@A(FoP)
e

AtkzIM @ A, ARz @ A

A1+kw(f)®1J/ = kﬁv (4)
Ek

ARzl @ Ay ——— 5S4

If m < k, there is nothing to prove. Assume that m > k, and
restrict equation to the summand Zej; A --- A e, ® A, of
AVFRZIM @ A, 0 < < ip < --- < ik < m. The top-right path is

.f)opP 7
Ak —p Sk. (5)

We have AMTKW(F) (e A+ Aej) = efig A+ A e If all
fio, . . . fix € [n] are distinct, then the left-bottom path is

which coincides with (5).



If ([K] SN [m] 5 [n]) is not an injection, then
AFRU(F)(ejy A Aej) =0, and there are0<j< k—1 heA

such that xj,.. i - f = ([k] 7y [k —1] LN [n]). Therefore, (5)
equals (A, (—> A1 AN A —l> Sk) =0, which proves (4).
Hence, Sy is the colimit and is a suitable choice for fk' Note that

we wished to identify Sy with Imm,_1. One could, in principle,
find another idempotent which solves Exercise 10.



Since A1t*Zl*] is a functor from A°P x Chg, the coend

[WPIEA \1++71P] & A, has the structure of a complex in A. For this
differential and k € N the collection of morphisms given by top
rows of the following diagrams is a chain map:

/\1+kz[m] ®An 1RA(fP) /\1+kZ[m] ®Am ’.111(1 fk

w| = I
k—1

Nezlml g A, 22D jkplml @ g g

In fact, the right square computed on Zej; A --- A €, ® Ap, takes
the form for xj,.. i : [k] — [m]

77777

Ax

Ju

= lzfo(nk—mdj ld
S (DK A@, Xy )P T
Ak-1 f k—1

Am

where d = AT('k,l . Adk . ATrk,Q.



End of proof of proposition

Commutativity of the right square

k
> (~1)KAd; - Ame_o = Ami_y - Ady - Ao
j=0

follows from the identity

k

Z(_l)k—jwk—2 Lo = k2. gk . k-1

j=0
which follows from some previous identity multiplied with 7€=2 on
the left.
The coend f[p]EA AYFKZIPl @ A, behaves functorially with respect
to A, giving a functor, which for our choice of the coend coincides
with (1).



